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CHAPTER 1
INTRODUCTION

Mostow’s rigidity theorem states that a closed hyperbolic n-manifold M is deter-
mined up to isometry by the isomorphism class of its fundamental group, as long
as n > 3. This means that in some sense it is equivalent to know M through its
algebra, its topology or its geometry. For this to be effectively true, though, one
should be able to translate concrete information about M given in the language of
one of these categories into the language of any other. This problem has attracted
a fair amount of attention recently, particularly in dimension 3 where the theory of
hyperbolic manifolds is richest ([19], [48], [49], [29], [62]).

The primary goal of this thesis is investigate how the rank of the fundamental
group of a closed hyperbolic 3-manifold is reflected in its geometry. Answers will
usually come as limits on the size and complexity of the manifold and will sometimes
be phrased as finiteness results about the number of manifolds with fixed rank and

certain geometric constraints.

1.1 Rank and fibered hyperbolic 3-manifolds

Let X4 be the closed orientable surface of genus g and ¢ : ¥4 — X4 a homeomor-
phism. We can construct a 3-manifold My, the mapping torus of ¢, as the quotient
space

My =g % [0,1]/ ~, (x,0) ~ (6(z),1).

The manifold M, fibers over the circle with fiber Xg; conversely, any closed 3-
manifold fibering over the circle is the mapping torus of some surface homeomor-
phism. Thurston [60] has proven that if the map ¢ : ¥, — X is pseudo-anosov
then My can be given a hyperbolic metric.



The fundamental group of My is given by a semi-direct product
1 — 7 (Xg) = m(My) = Z — 1.

Since rank(my(3g)) = 2g it follows that rank(m(My)) < 2g + 1. It is not hard
to construct examples where this inequality is strict, but if the geometry of the

manifold is sufficiently complicated then this is not the case.

Theorem 1.1.1. Gwen e > 0 and a closed orientable surface Xq, there is some D >
0 with the following property. Let M be an e-thick hyperbolic 3-manifold fibering
over ST with fiber Sg. If the diameter of M is at least D, then rank(my (M)) = 2g+1.

This extends a previous result of Souto [57], which guarantees that rank(m (M)) =
2g + 1 whenever the monodromy ¢ is a sufficiently high power of a pseudo-Anosov
map. Recall that e-thick simply means that the injectivity radius of M is at least
e. It is worth noting that if € is small then there are many hyperbolic 3-manifolds
fibering over the circle that are e-thick. In fact, if ¢q,..., ¢, are pseudo-anosov
homeomorphisms of Y4, then for large m the maps ¢7*,..., ¢;" freely generate a
subgroup of Mod(X,) all of whose elements are monodromies of mapping tori with
a common lower bound on injectivity radius. This follows from combining work
of Farb-Mosher [31, Theorem 1.4], Kent-Leininger [38, Theorem 1.2] and Rafi [54,
Theorem 1.6]. It also demonstrates that Theorem 1.1.1 is strictly stronger than

Souto’s earlier result.

1.2  Carrier graphs and 3-manifolds with bounded rank

Theorem 1.1.1 relies heavily on a tool introduced by White [62] to gain geometric
control over generating sets for the fundamental groups of hyperbolic manifolds.
Namely, a carrier graph is a mwi-surjective immersed graph X 9 M; usually we
assume that rank(m;X) = rank(m M) as well. A carrier graph is said to have
minimal length if its total edge length, with respect to the hyperbolic metric on M,
is smaller than that of any other such graph.
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The following decomposition of minimal length carrier graphs is the key technical
element in theorems above. It is originally due to Souto [57], in a different form,
but his proof was somewhat incomplete. We will present a full proof of a more

general statement in Chapter 3.

Proposition 1.2.1 (Chains of Bounded Length). Let M be a closed hyperbolic 3-
manifold with X & M a minimal length carrier graph. Then we have a sequence

of (possibly disconnected) subgraphs
P=YycYviC...CY,=X

such that the length of any edge in Y; 11 \'Y; is bounded above by some constant
depending only on inj(M), rank(m M), length(Y;) and the diameters of the con-
vex cores of the covers of M corresponding to mq (Yij), where Yil, ..., Y are the

connected components of Y;.

This strengthens a result of White [62], which says that a minimal length carrier
graph must have a cycle with length bounded by some function of rank(7w;M). The
proof is a slightly complicated argument in elementary hyperbolic geometry.

Ultimately, one would like to produce from the decomposition above some sort of
global combinatorial description of the geometry of closed hyperbolic 3-manifolds of
a certain rank. For instance, one of the most basic consequences of Proposition 1.2.1
is that a minimal length carrier graph contains some number of short subgraphs
that are connected together with long edges. At least if M has injectivity radius
bounded below, we expect that the short subgraphs and long edges should reflect
the geometry of underlying parts of M.

Conjecture 1. Assume that M is a closed hyperbolic 3-manifold with injectiv-
ity radius inj(M) > € and rank(m M) < k. Then there are disjoint, compact
3-dimensional submanifolds Ny, ..., Ny C M with the following properties.

e The number | of these submanifolds is bounded above by some constant de-
pending on k. Each N; has diameter bounded above in terms of k, e, and is

homeomorphic to some manifold on a finite list that also depends only on k, €.



4

o [Lwery component of M\ |J; N; is homeomorphic to a product ¥4 x (0,1) for
some g. The homeomorphism can be chosen so that the level surfaces ¥4 x {t}

have both diameter and area bounded above by a constant depending on e.

One should visualize the submanifolds N; as small building blocks and the com-
plementary components as long product regions that connect them. Here, ’long’
refers to the distance between the two components of the frontier of a product re-
gion. Each short subgraph of a minimal length carrier graph in M should lie inside
of one of these building blocks and each long edge should run through a product
region.

In the special case k = 2, Conjecture 1 follows from unpublished work of Agol.
The case k = 3 was completed by Souto using similar arguments, but the general
case is significantly more complicated. The following result, which is joint work

with J. Souto, is a step in that direction.

Proposition 1.2.2. Assume that (M;) is a sequence of pairwise distinct hyperbolic
3-manifolds with inj(M;) > € and rank(my(M;)) < k. Then there are base points
x; € M; such that, up to passing to a subsequence, the based manifolds (M;,x;)
converge in the based Gromov-Hausdorff topology to a based hyperbolic 3-manifold

(Moo, o) that has a degenerate end.

The relation to Conjecture 1 is that a degenerate end of an e-thick hyperbolic
3-manifold has a neighborhood homeomorphic to ¥4 x [0,00) in such a way that
the level surfaces have bounded diameter and area; in other words, it is an infinitely
long product region. So if M; converges to a manifold with a degenerate end, then
for large i one can see long product regions inside of M;. The Proposition can
therefore be interpreted as saying that once M; becomes too big to be considered

a building block on its own, it must contain a product region.

1.3 The Laplacian and arithmetic manifolds

Proposition 1.2.2 has an interesting consequence concerning the first eigenvalue

of the Laplacian operator A(M) : Hy o(M) — Hjyo(M). Namely, we will see in



5

Chapter 5 that if a sequence of hyperbolic 3-manifolds (M;) converges to a manifold
with a degenerate end, then the associated sequence of Cheeger constants must
converge to zero. Work of Buser [22] and Cheeger [27] then implies that the same
must be true for the first eigenvalues A1 (M;) of the Laplacian operators A(M;). As

a result,

Theorem 1.3.1. For every e, 6,k > 0, there are only finitely many isometry classes
of hyperbolic 3-manifolds M with inj(M) > €, rank(mi M) < k and first eigenvalue
of the Laplacian A\ (M) > 9.

A deep result of Vigneras, combined with a lemma of Long-Reid (see Agol [1]),
asserts that if a closed hyperbolic 3-manifold M is arithmetic, then it covers some
hyperbolic orbifold O; with A\ (O;) > % In the arithmetic setting, this allows us
to remove the assumption on the Laplacian from the above theorem if we weaken

the conclusion to a finiteness of commensurability classes.

Corollary 1.3.2. For all € and k positive, there are only finitely many commensu-
rability classes of closed arithmetic hyperbolic 3-manifolds M with inj(M) > € and
rank(m (M)) < k.

Similar methods, combined with Theorem 1.1.1, also prove the following.

Corollary 1.3.3. Given €,k > 0, there are only finitely many arithmetic closed
hyperbolic 3-manifolds with rank(mi M) = k and inj(M) > € that do not fiber over
the circle with fiber Yy (k odd), or fiber over the orbifold S'/(z +— —z) with
non-singular fiber Xj._o 2(/f even,).

Recall that the geometric version of Lehmer’s Conjecture states that there is some
universal lower bound for the length of any closed geodesic in an arithmetic hyper-
bolic 3-manifold. If this were true, the above Corollaries would become finiteness

statements for arithmetic 3-manifolds of bounded rank.



1.4 Algebraic and geometric limits

In the last part of this thesis, we present some key technical results about algebraic
and geometric limits, all joint with J. Souto, that have applications to Conjecture
1.

Let T" is a finitely generated group and define D(I') to be the set of all rep-
resentations p : [' — PSLyo C with discrete, torsion free and non-abelian image.
We say that a sequence (p;) in D(I") converges algebraically to a representation
p: I' = PSLy C if it does so pointwise. The goal of this section is to investigate
the relationship between the algebraic convergence of such a sequence and the geo-
metric convergence of the images p;(I") C PSLo C. Recall that a sequence of closed
subgroups (G;) of PSLg C converges to a subgroup G C PSLg C geometrically if it
does in the Chabauty topology.

Assume from now on that (p;) is a sequence in D(I') converging algebraically
to a representation p € D(I'), and that the groups p;(I') converge geometrically
to a subgroup G < PSLy C. For convenience, we will often say that p; converges
geometrically to G. It is not hard to see that p(I') C G, and in fact the inclusion
may be strict. The first examples of this are due to Jorgensen [35]. Later, Thurston
[60] constructed an algebraically convergent sequence in D(m1(2,)) that converges
geometrically to a subgroup of PSLy C that is not even finitely generated. Other ex-
amples, each one dramatic in its own way, were constructed by Kerckhoff-Thurston
[39], Anderson-Canary [4] and Brock [20].

All these examples are related to the appearance of new parabolic elements in

the algebraic limit; in fact, the following holds:

Theorem 1.4.1 (Anderson-Canary [5]). Let I be a finitely generated group and
assume that (p;) is a sequence of faithful representations in D(I") converging alge-
braically to some p € D(T). If p(I') does not contain parabolic elements, then the
groups p;(I') converge geometrically to p(I).

In [6], Anderson and Canary extended this result to the case where p and p;

map the same elements to parabolics for all i. Evans proved in [30] that the same
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conclusion holds under the weaker assumption that if an element of I' is sent to a
parabolic by p then it is also parabolic in p; for all . All these results were obtained
in the presence of certain technical assumptions rendered unnecessary by work of
Brock and Souto [16], and later by the resolution of the tameness conjecture by
Agol [2] and Calegari-Gabai [23].

While attempting to prove Conjecture 1, we revisited Theorem 1.4.1 convinced
that it would remain true after dropping the assumption that the representations
p; are faithful. To our surprise, we found the following examples showing that

Theorem 1.4.1 fails dramatically in this more general setting.

Example 1.4.1. Let I' be the fundamental group of a closed surface of genus 3.
There is a sequence of representations (p;) in D(I') converging algebraically to a

faithful representation p and geometrically to a subgroup G C PSLg C, such that
e (G does not contain any parabolic elements.
e p(I') has index 2 in G.

Example 1.4.2. Let I" be the fundamental group of a compression body with
exterior boundary of genus 4 and connected interior boundary of genus 3. There
is a sequence of representations (p;) in D(T") converging algebraically to a faithful

representation p and geometrically to a group G, such that
e (G does not contain any parabolic elements.
e p(I') has infinite index in G.

Example 1.4.3. Let ' be the fundamental group of a compression body with
exterior boundary of genus 4 and connected interior boundary of genus 3. There
is a sequence of representations (p;) in D(I") converging algebraically to a faithful

representation p and geometrically to a group G, such that
e p(I') does not contain any parabolic elements.

e (5 is not finitely generated.
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The reader may find it surprising that we mention Example 1.4.1 at all; the
other two seem to be much more dramatic. However, Example 1.4.1 shows that the

following theorem of Anderson fails if one considers unfaithful representations:

Theorem 1.4.2 (Anderson). Assume that T' is a finitely generated group, and
that (p;) is a sequence of faithful representations in D(I') converging algebraically
to some representation p and geometrically to a subgroup G of PSLo C. Then no
element of G\ p(I') has a nonzero power that lies in p(I'). In particular, p(T') cannot

have finite index inside of G unless the two groups coincide.

Apart from discussing the examples above, our goal is to understand the ex-
tent of Theorem 1.4.1’s failure for unfaithful sequences and to provide some useful

substitutes. Our first result in this direction is the following.

Theorem 1.4.3. Let I' be a finitely generated group and (p;) a sequence in D(T).
Assume that (p;) converges algebraically to a representation p and geometrically to

a subgroup G of PSLy C. If

e p(I') does not contain parabolic elements, and

e no element of G\ p(I') has a nonzero power in p(T'),
then G = p(T").

Together, Theorems 1.4.2 and 1.4.3 imply Anderson-Canary’s theorem above. In
fact, our proof of Theorem 1.4.3 is quite different from and considerably simpler
than Anderson-Canary’s argument. One reason for this is that they use some
fairly involved arguments to bypass the question of tameness, while we use here
the resolution of the tameness conjecture by Agol [2] and Calegari-Gabai [23] in a
crucial way:.

Our last result is key to the study of Conjecture 1. Essentially, the Conjecture
asserts a uniformity in the geometry of closed e-thick hyperbolic 3-manifolds with
bounded rank. To prove that a certain class of manifolds has uniform geometry, one

commonly takes a sequence of such manifolds and shows that any geometric limit
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has controlled geometry. The following result, combined with the Tameness The-
orem of Agol [2] and Calegari-Gabai [23], supplies this control in many situations.
Note that the assumption that G does not contain parabolics is always satisfied for

a sequence of e-thick manifolds.

Theorem 1.4.4. Let I' be a finitely generated group and (p;) a sequence in D(T).
Assume that (p;) is algebraically convergent and converges geometrically to a sub-
group G of PSLo C. If G does not contain parabolic elements, then G is finitely

generated.

Note that Example 1.4.3 shows that for G' to be finitely generated it does not
suffice to assume that p(I') has no parabolics. Also, Example 1.4.2 shows that
under the assumptions of Theorem 1.4.4 the algebraic limit p(I") can have infinite

index in the geometric limit G.

1.5 Organization

The remainder of this thesis is organized into five chapters. The first, Chapter 2,
serves mainly to summarize some well-known results about the geometry of hyper-
bolic 3-manifolds. Chapter 3 develops the machinery of carrier graphs introduced
above. Next, in Chapter 4 we study hyperbolic 3-manifolds fibering over the circle
and prove Theorem 1.1.1. Chapter 5 combines a proof of Proposition 1.2.2 with
its consequences concerning the first eigenvalue of the Laplacian and arithmetic
3-manifolds. We end with Chapter 6, in which we study the relationship between

algebraic and geometric limits of representations into PSLy C.
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CHAPTER 2
PRELIMINARIES

In this chapter we recall some well-known facts about hyperbolic 3-manifolds.

2.1 Hyperbolic manifolds

A (complete) hyperbolic 3-manifold is a Riemannian 3-manifold isometric to H3 /T,
where I' is a discrete, torsion-free group of isometries of hyperbolic 3-space. We will
usually assume that the elements of I' are orientation preserving, or equivalently
that H3 /T is orientable. The full group of orientation preserving isometries of hy-
perbolic 3-space is written Isom (H3), and is often identified with PSLo C through
its action on the boundary of H?.

Conjugate subgroups of PSLy C give isometric quotients of H?; in order to remove
this indeterminacy we consider pointed hyperbolic 3-manifolds, i.e. pairs (M,w)
where w is an orthonormal frame of some tangent space of M. Choosing once and
for ever a fixed frame w3 of some tangent space of H3, every quotient manifold
H3 /T has an induced framing w3 /T given by the projection of wys. Now, if (M,w)
is a pointed hyperbolic 3-manifold then there is a unique I' C PSL9y C such that the
manifolds (M, w) and (H3/T, w3 /F) are isometric as pointed manifolds.

Remark. It would be more natural to speak of framed hyperbolic 3-manifolds instead

of pointed; however, it is customary to use the given terminology.

2.2 Simplicial Hyperbolic Surfaces

We recall here some facts about negatively curved surfaces in hyperbolic 3-manifolds.
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Definition 2.2.1. Let M be a hyperbolic 3-manifold. A simplicial hyperbolic sur-
face in M is a map f : S — M, where

e S is a closed surface equipped with a triangulation T°
e f maps each face of T to a totally geodesic triangle in M

e for each vertex v € T the angles between the f-images of the edges adjacent

to v sum to at least 2.

If f:S — M is a simplicial hyperbolic surface then we get a path-metric on S
by requiring that f preserves path lengths. The metric is smooth and hyperbolic
away from the vertices of T', at which there are possible excesses of angle. By the
Gauss-Bonnet Theorem, we have vol(S) < 27|x(S5)|. Bounding the diameter of S

by its volume and injectivity radius, we obtain:

Bounded Diameter Lemma (Thurston). Assume f : S — M is an e-thick

simplicial hyperbolic surface of genus ¢g. Then diam(S) < Z51(29 —2).

Mahler’s Compactness Theorem ([9], E.1) states that the moduli space of e-thick
(smooth) hyperbolic surfaces of fixed genus is compact. Together with the following
Proposition, this provides a number of upper bounds on the geometry of e-thick

simplicial hyperbolic surfaces, albeit without explicit constants.

Proposition 2.2.1 (Smooth Dominates Simplicial). Let S be a closed surface and
d a metric on S that is the pullback metric for some simplicial hyperbolic surface.

Then there exists a smooth hyperbolic metric dy,, on S such that for all x,y € S

1
Ed<x7 y) < dhyp(aja y):

where C' > 0 depends only on the topological type of S. Note that if d is e-thick
then dyy, is &-thick.

Proof of Proposition 2.2.1. Working in polar coordinates in small neighborhoods of

the singular points of d, we can explicitly deform d to obtain a smooth metric d’
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with Gaussian curvature K < —1 that is bilipschitz to d with bilipschitz constant
depending only on the angles d has around the points in its singular locus. The
argument is very similar to the proof of the 2r-Theorem of Gromov and Thurston
[12], so we will omit it here. Since the Gauss-Bonnet Theorem gives an upper bound
for the sum of these singular angles, d and d’ are in fact C-bilipschitz for some C
depending only on the topological type of S. Define dj,,, to be the hyperbolic
metric in the conformal class of d’. The Ahlfors-Schwartz Lemma [3] states that
distances measured in d’ are less than or equal to distances in dpyp; this proves the

desired inequality. O]

As an application, we can use Proposition 2.2.1 and a based version of Mahler’s

Compactness Theorem to show:

Corollary 2.2.2 (Short Markings). SetI" = m1(3y) and fiz a generating set X C I'.
Then given €,g > 0 there is a constant L such that whenever f : S — M is an
e-thick simplicial hyperbolic surface of genus g and p € S, there is an isomorphism
¢ : T — 71(S,p) such that the image of each element of X can be represented by a
loop based at p of length less than L.

Observe that Corollary 2.2.2 is similar to Lemma 7.1 in [24], but it is slightly

stronger and more easily applied in our work in Section 4.1.

2.3 Tameness

We will be mainly interested in hyperbolic 3-manifolds M with finitely generated
fundamental group. Any such manifold is tame by the work of Agol [2] and Calegari-
Gabai [23]:

Tameness Theorem (Agol, Calegari-Gabai). Let M be a hyperbolic 3-manifold
with finitely generated fundamental group. Then M is homeomorphic to the interior

of a compact 3-manifold.
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A standard core of a hyperbolic 3-manifold M with finitely generated fundamental
group is a compact submanifold C' C M with M \ C' homeomorphic to dC x R.
Observe that M is homeomorphic to the interior of every such compact core. It
follows from the Tameness Theorem that every such M admits an exhaustion by
nested compact cores. If C' C M is a standard compact core, then the ends of
M correspond naturally to components of M \ C. The component Ug of M \ C
corresponding to an end & is said to be a standard neighborhood of £ and the
component of dC' contained in the closure of Ug is said to face £. We will often
denote the component of JC facing £ by 0€. Observe that Ug is homeomorphic to
o€ x R.

2.4 Geometry of ends in the absence of cusps

Let M be a hyperbolic 3-manifold with finitely generated fundamental group and
without cusps. An end £ of M is convexr cocompact if it has a neighborhood in M
disjoint from the convex-core CC(M) of M. Recall that the convex core CC(M) is
the smallest convex submanifold of M whose inclusion is a homotopy equivalence.
A manifold with compact CC(M) is said to be convezr cocompact; equivalently, all
ends of M are convex cocompact.

For every d > 0, the set of points in M within distance d of CC(M) is homeo-
morphic to M and has strictly convex C''-boundary. Smoothing the boundary, we

obtain the following well-known fact:

Lemma 2.4.1. Let M be a hyperbolic 3-manifold with finitely generated fundamen-
tal group. There is an exhaustion of M by a nested sequence of submanifolds K;

such that:

1. The boundary OK; is smooth and strictly convex. Here, strictly convexr means
that (V xv,X) > 0, where V 1is the Levi-Civita connection, X is a vector

tangent to OK; and v is the outer normal field along 0K;.

2. FEvery convex cocompact end of M has a neighborhood disjoint of K.
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3. The inclusion of K; into M s a homotopy equivalence.

Continuing with the same notation as in Lemma 2.4.1, convexity implies that
there is a well-defined map & K; + M — K; that takes a point in M to the point
in K; closest to it. Strict convexity implies that the preimage of a point x € JK;

under this projection is a geodesic ray. It follows that the map
M\ K; — 0K; x (0,00), @+ (kg,(z),d(z, kg, (7))
is a diffeomorphism; in fact, its inverse is the radial coordinate map
OK; x (0,00) = M\ Kj, (x,t) = expy(tv(z)),

where v is the outer unit normal vector-field along 0Kj.

An end & which is not convex cocompact is said to be degenerate. It follows from
the Tameness Theorem and earlier work of Bonahon [13] and Canary [24] that
degenerate ends have very well-behaved geometry. For instance, every degenerate
end & has a neighborhood which is completely contained in the convex core CC(M).
The prototypical examples of such ends come from unwrapping 3-manifolds fibering

over the circle:

Example 2.4.1. Let My be the mapping torus of a pseudo-anosov map ¢ : X5 —

¥g. As mentioned in the introduction, 71 (M) decomposes as
1 —m(Yg) = m(My) = Z — 1.

Let N be the cyclic cover of M, corresponding to the subgroup m1(Xg). Then N is
homeomorphic to ¥4 x R, and since it regularly covers a closed manifold we have
CC(N) = N, implying that both ends of N are degenerate. Note that unwrapping
a fiber bundle structure for M, gives a product structure N = X4 x R with fibers
of bounded diameter, contrasting with the exponential growth of level surfaces in

a convex-cocompact end.
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From our point of view, the most important fact about degenerate ends is the
Thurston-Canary [25] covering theorem, of which we state the following weaker

version:

Covering theorem (Thurston-Canary). Let M and N be non-compact hyperbolic
3-manifolds, assume that M has finitely generated fundamental group and no cusps,
let 7 : M — N be a Riemannian cover and let £ be a degenerate end of M. Then

€ has a standard neighborhood Ug such that the restriction
ly : Us — m(Ug)

of the covering m to Ug is a covering map onto a standard neighborhood of a
degenerate end £ of N. More precisely, there is a finite covering o : 0 — 9&" and

homeomorphisms
¢:0E XR — Ug, 1p: 08 xR — 7w(Ug)

with (¥~ 1o |y © ¢)(x,t) = (0(x),1). In particular, the covering 7|y, has finite

degree.

Combining the Tameness theorem, Lemma 2.4.1 and the Covering theorem we

obtain:

Proposition 2.4.2. Let M and N be hyperbolic 3-manifolds with infinite volume,
assume that M has finitely generated fundamental group and no cusps, and let
m: M — N be a Riemannian cover. Then M admits an erhaustion by nested

standard compact cores C; C Cjy1 such that the following holds:

1. If a component S of 0C; faces a convex cocompact end of M then S is smooth

and strictly convex.

2. If a component S of 0C; faces a degenerate end of M then the restriction

m|lg : S — w(S) is a finite covering onto an embedded surface in N.
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2.5 Conformal boundaries and Ahlfors-Bers theory

Continuing with the same notation as in the previous section, we have a hyperbolic
3-manifold M = H3 /T with finitely generated fundamental group and no cusps.

Recall that the group I' acts on H3 by isometries, and that its limit set, written
A(T), is the closure of the set of fixed points in S2, = dH? of hyperbolic elements
of I'. The complement of A(T) is the domain of discontinuity Q(T') = S2, \ A(T"),
which is the largest open subset of Sgo on which I' acts properly discontinuously. In
fact, T' acts properly discontinuously on H3 U Q(T"), and the quotient is a manifold
with boundary M having interior M.

The action of T' on S, is by Mobius transformations, so M inherits a natural
conformal structure and is accordingly called the conformal boundary of M. Tts
structure is closely tied with the geometry of M: for instance, the unique hyper-
bolic metric on M compatible with this conformal structure, called the Poincaré
metric, is similar to the intrinsic metric on 9 CC(M). Specifically, the closest point
projection x : M — CC(M) extends continuously to a map & : M — 9 CC(M),

and we have the following theorem of Canary-Bridgeman:

Proposition 2.5.1 (Canary-Bridgeman [15]). For every € > 0 there exists K > 0
so that the following holds. Let M be a hyperbolic 3-manifold with finitely generated
fundamental group, such that every component of OM has injectivity radius at least
¢ in the Poincaré metric. Then the closest point projection r : OM — 0 CC(M)
is K -lipschitz, where OM has the Poincaré metric and O CC(M) is considered with

the path metric induced by its inclusion into M.

The conformal boundary plays an important role in the deformation theory of
hyperbolic 3-manifolds; in particular, a convex-cocompact hyperbolic 3-manifold is
determined up to isometry by its topology and conformal boundary. A more precise
statement of this can be derived as follows. Let M be the interior of a compact
hyperbolizable 3-manifold M in which each boundary component has negative Euler
characteristic. Define CH(M) to be the set of all convex-cocompact hyperbolic

metrics on M, where two metrics are identified if they differ by an isometry isotopic
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to the identity map. It follows from Thurston’s hyperbolization theorem [59] that
CH (M) is nonempty, and it inherits a natural complex structure through its relation
to the representation variety Hom(71 (M), PSLo C) (see [43, Section 4.3]). Then we

have:

Theorem 2.5.2 (Ahlfors-Bers Parameterization, see [43]). The map CH(M) —
T(OM), induced from the map taking a conves-cocompact uniformization of M to
its conformal boundary, is a biholomorphic equivalence. Therefore, CH(M) is a

complex manifold of dimension

~2X(OT) = ~3x(M).

The space CH(M) has a convenient naturality with respect to certain coverings.
Specifically, if M’ is a cover of M with finitely generated fundamental group then
tameness and Canary’s covering theorem imply that convex-cocompact metrics on

M lift to convex-cocompact metrics on M’. In fact,

Lemma 2.5.3. If M’ is a 3-manifold with finitely generated fundamental group

and 7 : M" — M is a covering map, there is a holomorphic map
™ CH(M) — CH(M')

duced by the map taking a hyperbolic structure on M to its pullback under 7.

The point of the holomorphy is that 7* is related to the holomorphic map
Hom (71 (M"), PSLy C) — Hom(71 (M), PSLy C)
defined by precomposition with 7 : w1 (M') — 71 (M).

2.6 Geometric convergence

Recall that a sequence (G;) of closed subgroups of PSLy C converges geometrically to
a subgroup G if it does in the Chabauty topology. More concretely, (G;) converges
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geometrically to G if G is the subgroup of PSLo C consisting precisely of those
elements g € PSLg C such that there are g; € G; with g; — g in PSLo C. In other
words, GG is the accumulation set of the groups G;.

Most of our arguments are based on an interpretation of geometric convergence

in terms of the quotient manifolds H?3/G;.

Definition. A sequence (M;,w;) of pointed hyperbolic 3-manifolds converges ge-
ometrically to a pointed manifold (Mo, wo) if for every K C My, compact with
Woo € K there is a sequence ¢; : K — M; of smooth maps with ¢;(wso) = w; con-
verging in the C’k—topology to an isometric embedding for all £ € N. We will refer to

the maps ¢; as the almost isometric embeddings provided by geometric convergence.

Remark. Note that although the phrase ’converging in the C*-topology to an
isometric embedding’ is suggestive and pleasing to the ear, it has no meaning. One
way to formalize this would be to say that for each point z € K there are isometric

embeddings
B; : B(¢i(x),e) — H®

from e-balls around ¢;(x) € M; so that ;o ¢; converges to an isometric embedding

of some neighborhood of = € M into H?.

Recall that by our convention above, a pointed hyperbolic manifold is a manifold
together with a base frame and that choosing a base frame w3 of hyperbolic space
we obtain a bijection between the sets of discrete torsion free subgroups of PSLy C
and of pointed hyperbolic 3-manifolds. Under this identification, the notions of
geometric convergence of groups and manifolds are equivalent (see for instance
9, 37]):

Proposition 2.6.1. Let G1,Go, ..., G be discrete and torsion-free subgroups of
PSLs C and consider for alli =1,..., 00 the pointed hyperbolic 3-manifold (M;,w;)
where M; = H?’/Gi and w; 1s the projection of the frame w3 of H3. The groups G;
converge geometrically to Goo if and only if the pointed manifolds (M;,w;) converge

geometrically to (Mso,wso)-
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2.7 Algebraic convergence

Let T be a finitely generated group. Recall that a sequence (p;) of representations
p; + I' — PSLg C converges algebraically to a representation p if for every v € I' we
have p;(7) — p(7) in PSLo C. Jorgensen proved in [36] that if each image p;(T")
is discrete and non-elementary then the same is true of p(I'). His argument also
shows that torsion cannot suddenly appear in the limit, so we have the following

theorem:

Proposition 2.7.1. Let T be a finitely generated group. Then the subset D(I") C
Hom(T", PSLo C) consisting of representations with discrete, torsion free and non-

elementary image is closed with respect to the algebraic topology.

When a sequence (p;) converges both algebraically to a representation p and
geometrically to some group G, it is easy to see that p(I') C G. In other words,
the manifold H3/p(T") covers the manifold H3/G. In particular, given a compact
subset C' C H3/p(T") we can project it down to H?/G and then map the image to
M; under the almost isometric embeddings given by geometric convergence. This
produces maps C' — M; = H3/p;(I") which look more and more like the restriction
of a covering to C'

More generally, assume that H is a finitely generated subgroup of G containing
p(T). By the tameness theorem, the manifold H3/H contains a standard compact
core Cgy. Composing the restriction to C'p of the covering H?/H — H?3/G with
the almost isometric embeddings given by geometric convergence, we obtain for
sufficiently large ¢ maps Cyy — M; similar to those described above. Using the
induced homomorphisms H — 1 (M;,w;) one can then construct a sequence of
representations o; : H — PSLy C converging algebraically to the inclusion of H —
G — PSLg C. The assumption that p(I') C H implies then that o;(H) = p;(I") for

all 7. In particular we deduce (compare with [45, Lemma 4.4]):

Proposition 2.7.2. Let I be a finitely generated group, (p;) a sequence in D(T)
converging algebraically to a representation poo and geometrically to a group G C

PSLoC. If H C G is a finitely generated subgroup of G containing p(I') then
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there is a sequence of representations o; : H — PSLg C converging to the inclusion
H — PSLyC with o;,(H) = p;(T") for all sufficiently large i. In particular, the

groups o;(H) converge geometrically to G.

2.8 Roots

Recall that the elements in PSLg C are either hyperbolic, parabolic or elliptic de-
pending on their dynamical behaviour. Every hyperbolic element v € PSLyC
stabilizes a geodesic A in H3, and if « € PSLy C is a k-th root of 7, ie. v = ak,
then aA = A. It follows easily that the set of k-th roots of v is finite. A simi-
lar argument applies in the parabolic and elliptic case, so we obtain the following

well-known, and in this paper surprisingly important, fact:

Lemma 2.8.1. For every k € 7Z and nontrivial element v € PSLoC, the set
{a € PSLy C | oF =~} is finite.

Lemma 2.8.1 has the following immediate consequence:

Corollary 2.8.2. Let I' C IV be groups and assume that I contains a subgroup H
such that (1) T and H generate I and (2) T N H has finite index in H. Then for
every faithful representation p : IT' — PSLo C, the set {p/ : T/ — PSLyC | p/|p =
plr} is finite.

Also, Theorem 1.4.2 from the introduction follows almost directly from Lemma

2.8.1.

Theorem 1.4.2 (Anderson). Assume that I' is a finitely generated group and (p;)
is a sequence of faithful representations in D(I") that converges algebraically to a
representation p and geometrically to a group G. Then maximal cyclic subgroups
of p(I") are maximally cyclic in G. In particular, if the image p(I") of the algebraic
limit has finite index in the geometric limit G, then p(I') = G.
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Proof. If some maximal cyclic subgroup of p(I') is not maximally cyclic in G, then
there is some g € G\ p(T') that powers into it. So, ¢* = p(n) for some n € I and
k > 2. Since g € G there are ; € T' with lim; . p;(7;) = ¢g. Taking powers we

have then

Zlggo pi(vF) = g% = p(n) = lim pi(n).

i—00
It follows from the Margulis lemma that pi(’yf) = p;(n) for sufficiently large i.
Since the representations p; are faithful, this implies that %k = n for large 7. But
the group I' embeds in PSLy C, by say p7, so Lemma 2.8.1 shows that each of its
elements has only finitely many k'"-roots. This implies that up to passing to a
subsequence we may assume that ; = v; for all pairs (,7), and hence g belongs

to the algebraic limit. This is a contradiction, so the claim follows. O]

We included the proof of Theorem 1.4.2 here because its failure for non-faithful

sequences is the core of the examples presented in Section 6.1.

2.9 Maximal Cusps

Finally, we describe a class of hyperbolic manifolds that we will use as building
blocks in constructing our examples in Section 6.1. A good reference for this section
is [7].

Assume that M is a compact, orientable, irreducible and atoroidal 3-manifold
with interior N and no torus boundary components. If N has a geometrically finite
hyperbolic metric, then there is a collection C of disjoint simple closed curves in
OM such that

N =M\ Uy,

by a homeomorphism whose restriction to IV is isotopic to the identity map. The
curves in C are then determined up to isotopy, and correspond to the rank one
cusps in N. We will say that the collection C' has been pinched. Each curve in
C' is homotopically nontrivial in M and no two curves are freely homotopic in M.

It follows from Thurston’s Hyperbolization Theorem [37, 52| that any collection
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of curves on OM satisfying these two topological properties can be obtained as
above from a hyperbolic structure on NV; it is therefore said that such a collection
is pinchable.

One says that a component S C OM is maximally cusped if C' contains a pants
decomposition for S. In this case, any component of 9 CC(N) that faces S is a
totally geodesic hyperbolic thrice-punctured sphere. If we have two hyperbolic 3-
manifolds with maximally cusped ends, we can topologically glue their convex cores
together along these thrice-punctured spheres. Moreover, every homeomorphism
between hyperbolic thrice punctured spheres can be isotoped to an isometry, so
by altering the identifications we can ensure that our gluing produces a hyperbolic

3-manifold. Here is a precise description of the result of this process.

Lemma 2.9.1 (Gluing Maximal Cusps). Let My, My be compact, orientable 3-
manifolds with interiors N; that possess geometrically finite hyperbolic metrics.
Assume that S; are maximally cusped components of OM; with pinched pants de-
compositions P; C S;. Then if h : S1 — So is a homeomorphism with h(Py) = Py,
there is a hyperbolic 3-manifold N with the following properties:

o N = (M \ P)Uy (My\ P), so N has a rank 2 cusp corresponding to each
element of Py (or Ps)

e N is the union of two disjoint subspaces isometric to N1 \ E1 and Na \ E3,
where E; are the components of N; \ CC(N;) adjacent to S;.
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CHAPTER 3
CARRIER GRAPHS

We develop here the technical tool mentioned in the introduction that allows for a
geometric understanding of rank for fundamental groups of hyperbolic manifolds.

In the following, assume M is a closed hyperbolic 3-manifold.

Definition 3.0.1. A carrier graph for M is a graph X and amap f: X — M

which induces a surjection on fundamental groups.

Standing Assumption: In this paper we are interested in generating sets of minimal
size, which correspond to carrier graphs with rank(m (X)) = rank(m(M)). From

now on all carrier graphs will be assumed to have this property.

If a carrier graph f : X — M is rectifiable, we can pull back path lengths in M to
obtain an pseudo-metric on X. Collapsing to a point each zero-length segment in
X yields a new carrier graph with an actual metric; from now on we will assume all
carrier graphs are similarly endowed. Define the length of a carrier graph to be the
sum of the lengths of its edges, and a minimal length carrier graph to be a carrier
graph which has smallest length (over all carrier graphs of minimal rank). An
argument using Arzela-Ascoli’s Theorem, [62], shows that minimal length carrier
graphs exist in any closed hyperbolic 3-manifold.

The following Proposition, due to White, shows that minimal length carrier

graphs are geometrically well behaved.

Proposition 3.0.2 (White, [62]). Assume f: X — M is a minimal length carrier
graph in a closed hyperbolic 3-manifold M. Then X is trivalent with 2(rank (7 (M))—
1) wvertices and 3(rank(mw(M)) — 1) edges, each edge in X maps to a geodesic seg-
ment in M, the angle between any two adjacent edges is %?, and the image of any

simple closed path in X 1is an essential loop in M.
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White used this result to prove that a minimal length carrier graph must have a

cycle with length bounded by some function of rank(wy M).

It is not too hard to see that any minimal length carrier graph must have at least
one edge of universally bounded length. For since m1 (M) is not free [33, Theorem
7.1], there is some cycle in the carrier graph that is null-homotopic in M. This
must lift to a closed path in H?; in fact, the minimal length hypothesis implies
that it must be a piecewise geodesic loop in H? in which the corners have angle 2?77,
[62]. Any such loop must have some short edge, though, for otherwise a standard
argument in CAT(—1)-geometry shows that it tracks a geodesic, contradicting the

fact that it is closed.

3.1 Chains of bounded relative length

We will devote the remainder of this chapter to strengthening White’s guarantee
of a short cycle to a geometric decomposition of minimal length carrier graphs into
nested subgraphs, each of which is 'short’ relative to the previous one. Proposition
1.2.1 from the introduction will be a consequence of this. The ideas for what follows
were originally sketched in [56]; the purpose of this section is mainly to fill in some

missing details.

Assume that M = H3 /T is a closed hyperbolic 3-manifold and f : X — M is
a minimal length carrier graph. Choose an edge e C X and a subgraph Y C X.
Our first goal will be to provide a useful definition of the length of e relative to the
subgraph Y. This should vanish when e C Y and should agree with the hyperbolic
length of f(e) when neither of the vertices of e lies inside Y. If X is embedded as a
subset of M with f the inclusion map, then relative length is similar to the length
e has outside of the hyperbolic convex hulls of the components of Y that e touches,
but we need to do our measurements in the universal cover and throw out sections

of e that lie inside some of the thin parts of M.

To clarify this, fix a universal covering Ty : X — X and a lift f:X —>H3of f.

Assume that a vertex v of e lies in a connected component Z, C Y and choose lifts
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é, Zy C X of e and Z that touch above v. Let Ff(Z ) be the subgroup of I' that
v

leaves f(Z,) invariant.

Definition 3.1.1 (Thick Convex Hulls). The thick convex hull of f(Z,), written
TCH(f(Zy)), is the radius-1 neighborhood of the smallest convex set K containing

f(Zy) such that for every ~ € Ff(Zv) and z € H? \ K, we have d(vy(z),z) > 1.

Definition 3.1.2 (Edge Length Relative to a Subgraph). Define the length of e
relative to Y, denoted lengthy (e), to be the length of the part of f(&) that lies
outside of TCH(f(Z,)) for each vertex v of e contained in Y.

It is easy to see that the relative length of e is well-defined, independent of the
lifts chosen above. The definition is a bit less complicated if we assume that X is
embedded as a subset of M. For then we can lift e directly to H? along with any
connected components of Y that e touches, and then measure the length of e’s lift
outside of the thick convex hulls of the lifted subgraphs. In the proofs below, we
will assume X to be embedded in order to remove a level of notational hinderance.
The arguments will be exactly the same in the general case.

Although an edge can have very long absolute length while having short length
relative to a subgraph Y, we can bound this difference if we have some control over
the geometry of the covers of M corresponding to the fundamental groups of the

components of Y.

Lemma 3.1.1. Assume that M is a closed hyperbolic 3-manifold, f: X — M is a
minimal length carrier graph, Y is a subgraph of X and e is an edge of X \Y. Then
length(e) is bounded above by a constant depending only on lengthy (e), length(Y),
inj(M), rank(m(M)) and the diameters of the convex cores of the covers of M

corresponding to the components of Y that e touches.

Proof. As mentioned above, we forget about f and assume that X is embedded
as a subset of M. Suppose that e shares a vertex with a connected component
Z C Y, andlet ¢, Z C H? be lifts that touch above that vertex. Since X is minimal
length, ¢ N TCH(Z) must minimize the distance from é N d TCH(Z) to Z. For
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otherwise, one could replace it by a minimizing segment; extending equivariantly
gives a new carrier graph homotopic to X and of smaller length, violating the
minimality assumption. Thus a bound on the Hausdorff distance between Z and
TCH(Z) limits the length that é can have inside of TCH(Z), and we will show
that this is bounded in terms of the quantities mentioned in the statement of the

Lemma.

We first claim that the hyperbolic distance from Z to CH(A(T 7)) is bounded
above by a constant depending only on inj(M) and rank (71 (A)). Choose an infinite
piecewise geodesic path v C Z that projects to a simple closed curve in Y and let
g € I'; be the corresponding deck transformation. Taking a maximal sequence
of consecutive edges of 7 that project to distinct edges in M yields a subpath ~/
whose g-translates cover . Note that the orthogonal projection of 7/ to axis(g) has
length equal to the translation distance of g, which is at least inj(M). By Lemma
3.0.2, X has 3(rank(7r1(M)) — 1) edges; the number of edges in 4/ can certainly be
no greater than this. Thus there is an edge of v whose orthogonal projection to

axis(g) has length at least 3(ranki?7jr(1]24]\)4))—1)' It follows from elementary hyperbolic

geometry that there is a point on this edge whose distance from axis(g) is bounded

above by a constant depending on that length. For instance, if one draws two lines
inj(M)

3(rank(m (M))—1)

the edge to axis(g) is at most the distance to axis(g) from either of the two geodesic

l1,l9 orthogonal to axis(g) that are apart, then the distance from
lines that share one endpoint on S})O with [1, the other with /9, and lie on one side

of axis(g). This proves the claim.

Now Z and CH(A(T 7)) are both invariant under the action of I' ; with quotients
of bounded diameter, so our limit on the hyperbolic distance between them trans-
lates into a bound on their Hausdorff distance. But if Z is Hausdorff-close to a
convex set then it must also be Hausdorff-close to its convex hull, CH(Z). Since
the Hausdorff distance from CH(Z) to TCH(Z) is controlled by inj(M), we have a
bound on the Hausdorff distance between Z and TCH(Z). O
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For a subgraph Z C X, we define the length of Z relative to Y to be

lengthy(Z) = > lengthy(e).
edges e C Z

We are now ready to state the promised decomposition of minimal length carrier

graphs.

Proposition 3.1.2 (Chains of Bounded Length). There is a universal constant L
with the property that if M is a closed hyperbolic 3-manifold and f : X — M is
a minimal length carrier graph then we have a sequence of (possibly disconnected)
subgraphs

P=YycYiC...CY,=X

such that lengthy; (Yii1) < L for alli.

Proof. 1t is a standard fact in hyperbolic geometry that there exist a universal

constant C' > 0 with the following property:

(1) any path in H3 made of geodesic segments of length at least C' connected

with angles at least % is a quasi-geodesic.
There is also a constant D > C' such that

(2) it N C H3 contains the axis of a hyperbolic isometry v and d(z, v(z)) > 1 for
all z € H3 \ N, then d(z,y(z)) > C for all z € H? \ Np(N),

(3) any geodesic ray emanating from a convex subset K C H? that leaves A p(K)
meets ONp(K) in an angle of at least %,

and finally a constant B > 0 for which

(4) any geodesic exiting the radius-1 neighborhood of a convex subset K c H3
will exit Np(K) after an additional length less than B.
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We will show that if Y is any subgraph of X then there is an edge in X \ 'Y of
length at most L = C + 2B relative to Y; applying this iteratively will give the

chain of subgraphs in the statement of the Proposition.

So, suppose that Y is a subgraph of X. Observe that since the fundamental
group of a closed hyperbolic manifold cannot be free, there is an essential closed
loop v C X that is nullhomotopic in M. Furthermore, since 71 (M) does not split as
a free product, [33, Theorem 7.1], we can pick 7 so that it has no subpath contained
entirely in Y that is also a closed loop nullhomotopic in M. Lifting v to H? then
gives a closed loop 7 C H3 such that each time 7 touches a component of 71';41(1/)
it enters and leaves that component using different edges of W]T/II(X \Y).

The first crucial observation is that one of the edges of v must have length less
that L. For otherwise, 7 is a closed path in H? made up of geodesic segments of
length at least L connected at F-angles, which is impossible by definition of L. If
this short edge lies outside Y, then we are done. However, it very well might not,
so in the remainder of the proof we will develop a version of this argument that
runs relative to Y. This will produce a short edge outside Y, but we will be forced

to measure its length relatively rather than absolutely.

So, consider a maximal segment of 4 that is contained in a component Z of
7r_1(Y) and let e and f be the edges that 4 traverses before and after the segment
in Z. If e or f has length less than L relative to Y, then we are done. Otherwise,
the two edges have a length of at least L left after exiting TCH(Z), so by (4) both
of these edges must exit Np(TCH(Z)); let eg and f; be the points where they meet
ONpD(TCH(Z)). Assume for the moment that the distance between eq and fy is
less than C. Then by (2), e and f project to different edges in X. Substituting
Ty (e NNp(TCH(Z))) € X with the projection of the geodesic between eq and f;
therefore yields a new carrier graph for M, and since the new edge has length less
than C while the old has length at least D our new carrier graph has shorter length
than X. This contradicts the minimality of X, so d(eq, fo) > C.

We can now create a new closed path in H® from 4 as follows: each time 7 tra-

verses a component Z of 7T]T41 (Y), replace the part of 4 that lies inside N (TCH(Z))
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by the geodesic with the same endpoints. Then the new path is composed of
geodesic segments of length at least C, and by (3), the segments intersect with
angles at least 5. Therefore it is a quasi-geodesic. Since it is also closed, this is

impossible. [

The following version of the above result, stated in the introduction, will be
useful in proving Theorem 1.1.1.. It comes from combining the above statement

with Lemma 3.1.1.

Proposition 1.2.1. Let M be a closed hyperbolic 3-manifold with f: X — M a
minimal length carrier graph. Then we have a sequence of (possibly disconnected)
subgraphs

P=YycYiC...CY,=X

such that the length of any edge in Y;, 1 \ Y; is bounded above by some constant
depending only on inj(M), rank (71 (M)), length(Y;) and the diameters of the convex

n

cores of the covers of M corresponding to f*(m(Yij )), where Y'Z.l, ..., Y" are the

connected components of Y;.
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CHAPTER 4
RANK AND FIBERED HYPERBOLIC 3-MANIFOLDS

This chapter concerns the relationship between the geometry of a hyperbolic 3-
manifold fibering over the circle and the rank of its fundamental group. The main

result here is the following, which we recall from the introduction.

Theorem 1.1.1. Given € > 0 and a closed orientable surface ¥, there is some D >
0 with the following property. Let M be an e-thick hyperbolic 3-manifold fibering
over S! with fiber ¥4. If the diameter of M is at least D, then rank(w1(M)) = 2g+1.

This can also be phrased as a finiteness statement concerning the number of
e-thick manifolds that fiber with a given genus but have unexpected rank. The
equivalence with the previous statement comes from the fact that there are only
finitely many hyperbolic 3-manifolds with diameter less than any given constant

[63].

Theorem. Given €¢,g > 0 there are at most finitely many e-thick hyperbolic 3-
manifolds M fibering over St with fiber Xg for which rank(mi(M)) # 29 + 1.

To contextualize the statements above, let us review some facts about the ge-
ometry of closed hyperbolic 3-manifolds M fibering over the circle with fiber .
It follows from work of Thurston, Canary [25] and Freedman-Hass-Scott [32] that
passing through every point in M there is an embedded surface which has diameter
bounded above by some constant depending only on inj(M) and g, and which is
homotopic to the Xg-fibers. Therefore, in some sense the width of M in the fiber
direction is bounded in terms of g,inj(M). If g and a lower bound for inj(M) are
fixed, the diameter of M is then coarsely equivalent to the length of M in the ’circle
direction’. Here is a precise definition of this length; the coarse equivalence with

diameter is the content of Proposition 4.2.1.
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Definition 4.0.3. The waist length of M, denoted waist(M), is the smallest length
of a loop in M that projects nontrivially to 71(S1).

The discussion above implies that Theorem 1.1.1 can be rephrased with a con-
dition on waist length instead of diameter. Specifically, its conclusion holds if M
has large waist length relative to its width in the fiber direction, so in effect we are
ensuring that rank(7w1 M) is what you would expect from the fibration whenever M

looks geometrically like a thin necklace.

Recall that the Heegaard genus of a closed 3-manifold M is the smallest g =
g(M) such that M can be obtained by gluing two genus g handlebodies along their
boundaries. In [8], Bachman and Schleimer show that the Heegaard genus of a
closed 3-manifold M fibering over the circle with fiber X is 2g + 1, as long as the
monodromy map of M has translation distance at least 2g+ 1 in the curve complex
of 4. If M is hyperbolic, this translation distance is coarsely equivalent to M’s
waist length relative to its e-thin parts. This is identical to the waist length defined
above, except that when measuring the length of a loop one disregards the parts of
the loop that lie inside of the e-thin part of M. It is likely that the conclusion of
Theorem 1.1.1 is true whenever this relative waist length is large, but it is not yet
clear to us how to prove this.

Finally, let us perform a stylized version of the forthcoming proof of Theorem
1.1.1. Assume that M fibers over the circle and has large waist length relative to its
injectivity radius and the genus of the fibering. Then as mentioned before M looks
like a thin necklace. In this case, using Proposition 1.2.1 one can show that every
minimal length carrier graph in M has one large edge that navigates the waist of M
and a subgraph consisting of short edges that fills out the fundamental group of the
fiber. Since 71(Xg) cannot be generated with less than 2g elements, the subgraph
consisting of short edges must have rank at least that. Therefore the fundamental
group of any minimal length carrier graph has rank at least 2¢g + 1, implying that
rank (7 (M)) = 2g + 1.

The actual proof of Theorem 1.1.1 differs slightly from that sketched above in

that we bypass a full characterization of minimal length carrier graphs inside of M
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in favor of an argument more tailored to the statement of the Theorem.

The remainder of this chapter is broken into two sections. The first provides
uniform bounds for the convex core diameters of certain covers of doubly degenerate
hyperbolic 3-manifolds homeomorphic to X4 x R. Combined with Proposition 1.2.1,
this will facilitate a relatively quick proof of Theorem 1.1.1, which is the subject of

the second and last section.

4.1 Short Graphs in Doubly Degenerate >, x R

Assume that M is a hyperbolic 3-manifold without cusps that is homeomorphic
to ¥4 x R. Using Waldhausen’s Cobordism Theorem [61] and Ahlfors’ Finiteness
Theorem [43], it is not hard to see that there is an explicit homeomorphism M =

3¢ x R such that CC(M) sits inside M as either
e X, x [0,1], in which case M is convex cocompact
e X, x [0,00), in which case M is called singly degenerate
e Yy x R, and then M is called doubly degenerate.

We mentioned in the introduction that Theorem 1.1.1 is an extension of an earlier
theorem of Souto [57]. A key ingredient in Souto’s proof was the following obser-
vation, which is a consequence of the Covering Theorem of Canary and Thurston
[25]. It was originally proven by Scott-Swarup [55] in the case that M is the cyclic

cover of a hyperbolic 3-manifold fibering over the circle.

Lemma 4.1.1 (Souto [57]). Let M be a doubly degenerate hyperbolic 3-manifold
homeomorphic to ¥4 x R and let I' C w1 (M) be a proper subgroup of rank at most

2g. Then T is free, infinite index and convex-cocompact.

To prove Theorem 1.1.1, we need an improved version of Lemma 4.1.1 that gives
a diameter bound for the convex core of H3/I" in terms of inj(M) and the length
of a set of loops in M generating I'. Our proof will be a compactness argument:

we define a topology on the set of wedges of k£ bounded length loops in e-thick
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doubly degenerate hyperbolic 3-manifolds homeomorphic to Y4 X R, show that the
resulting space is compact and then use continuity to show that there is an upper

bound for the corresponding convex core diameters.
Definition 4.1.1. Define G = G(e, L, k) to be the space of pairs (M, f), where

1. M is a doubly degenerate e-thick hyperbolic 3-manifold homeomorphic to
Yg xR

2. [ /\kS1 — M is an L-lipschitz map from the wedge of k circles, endowed

with some fixed metric.
We say that (M;, f;) — (Mo, foo) if
1. (M, %;) converges strongly to (Muo, *s0), and x; is the wedge point of f;(A,S!)

2. there is a sequence ¢; of almost isometric maps coming from the geometric
convergence in (1) such that ¢; o f; : /\k,S1 — M converges pointwise to

Here, (1) means that there are faithful representations p; : 71(34) — PSL(2,C)
converging strongly to some poo such that the quotient manifolds H?3/p; (7 (Xg))
and H3/pso(my (X4)) are isometric to (M;,*;) and (Mo, *o0) as based hyperbolic

manifolds, where the projections of some fixed point in H? are taken as basepoints.
Proposition 4.1.2. G is compact.

Proof. Let (M;, f;) be a sequence in G and assume that x; € M; is the wedge point
of f;(ArS). For each i, Canary’s Filling Theorem [25] gives a simplicial hyperbolic
surface in M; with image passing through ;. Using the short markings of these
surfaces provided by Corollary 2.2.2 we can construct representations p; : 71 (3g) —
PSL(2,C) with H3/p;(Z4) = M; so that a fixed base point x € H? projects to
each x; and up to passing to a subsequence, p; converges algebraically to some
poo : m1(8g) — PSL(2,C). Since our lower bound on injectivity radius persists

through algebraic limits, poo(m1(X4)) contains no parabolics. Work of Thurston
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and Bonahon then implies that p; — ps strongly. Specifically, one must trace
through Thurston’s proof of ([58], 9.2) with the hindsight provided by Bonahon’s
Tameness Theorem [13]. A statement of the resulting theorem is given by Canary

in ([25], 9.1) as a prelude to a series of more general convergence theorems.

Set Moo = H3/poo(Xg) and let xx € Moo be the projection of . Then (M;,*;)
converges geometrically to (Mnso, xo0). The fundamental group of M« is isomorphic
to m1(Xg), so Bonahon’s Tameness Theorem [13] implies that My = X4 x R.
Moreover, it follows from strong convergence and [50, Thm 1.1} that the convex
cores CC(M;) converge geometrically to CC(My), thus My, is doubly degenerate.
We can construct a map f : /\kS1 — My by applying Arzela-Ascoli’s Theorem
to the sequence of maps ¢; o f; : /\k,S1 — Mo, where ¢; is a sequence of almost

isometric maps coming from geometric convergence. Clearly (M;, f;) converges to

(Moo, foo) in G. O

Corollary 4.1.3. Let M be a doubly degenerate e-thick hyperbolic 3-manifold home-
omorphic to ¥4 x R and let p € M be a basepoint. Assume that I' C w1 (M,p) is
a proper subgroup that can be generated by 2g loops based at p of length less than
L. Then T is convexr cocompact and the diameter of the convex core of H3/F 18

bounded above by some constant depending only on L,e and g.

Proof. Observe that I' determines an element (M, f) € G = G(e, L,2g), with the
extra property that f is not mq-surjective. Our goal then is to show that if (M, f) €
G and f is not m-surjective, then the diameter of the convex core of the cover
Mﬁl(f) of M corresponding to the w1 image of f is bounded above. If not, there
is a sequence (M;, f;) of such pairs where these diameters grow without bound.
By compactness, we may assume that (M;, f;) — (Mxo, foo) in G. In fact, feo
cannot be mi-surjective. To see this, note that by strong convergence there are a
compact core K C My and almost isometric embeddings ¢; : K — M; that are
m1-surjective for large i. Therefore, if foo is m1-surjective, then so is ¢; o fso, Which

is homotopic for large 7 to f;. As f; is never wi-surjective, it follows that neither is

foo- Lemma 4.1.1 then shows that (Moo )y, (1) IS convex-cocompact.
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The manifolds (M;)

limit is convex-cocompact, it follows from [43, Prop 7.39] that the convergence is

(f;) converge algebraically to (M) (foo): and since the

m m
strong and the convex cores of the manifolds in the sequence converge geometrically
to that of the limit. Consequently, the diameters of these cores must also converge,

and therefore must be bounded. This is a contradiction. O

4.2 Proof of Theorem 1.1.1

Fix €,¢9 > 0 and assume that M is an e-thick hyperbolic 3-manifold fibering over
the circle with fiber ¥,. The goal of this section is to prove that there are only
finitely many such M for which rank(7y(M)) # 2g + 1. We begin, however, with
a quick computation concerning M’s girth. Recall that waist(M) is the smallest

length of a loop in M that projects nontrivially to mS.

Proposition 4.2.1 (Fibered 3-Manifolds Have High BMI). Let M be an e-thick
hyperbolic 3-manifold fibering over the circle with fiber YXg. Then

1
2 diam (M) — 2029 — 2) < waist(M) < 2 diam(M).
€

Proof. Assume that v is a loop realizing the waist length of M. Canary’s Filling
Theorem [25] implies that every point in the cyclic cover of M corresponding to the
fundamental group of the fiber lies in the image of a simplicial hyperbolic surfaces
for which the inclusion map is a homotopy equivalence. Projecting down, this
provides an exhaustion of M by simplicial hyperbolic surfaces in the homotopy
class of the fiber. By homological considerations, any such surface must intersect
7. The Bounded Diameter Lemma (see Section 2) then implies that diam(M) <
%W&iSt(M )+ %(2 — 2g). This establishes the first inequality.

For the second, recall that the fundamental group of M is generated by the set of
all loops in M of length less than 2diam(M). Any generating set for 7y (M) must
contain a loop that projects nontrivially to 71 (S!), so the waist length of M is at

most twice its diameter. O
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We are now ready to prove the main result of this chapter.

Theorem 1.1. Given € > 0 and a closed orientable surface X4, there is some D > 0
with the following property. Let M be an e-thick hyperbolic 3-manifold fibering over
ST with fiber $g. If the diameter of M is at least D, then rank(my (M)) = 2g + 1.

Proof. Assume that M is an e-thick hyperbolic 3-manifold fibering over the circle
with fiber 3 and rank(m(M)) < 2g. We will show that the waist length of M is

bounded by some constant depending only on € and g.

Let f: X — M be a minimal length carrier graph. By Proposition 1.2.1, there

is a constant L and a chain of (possibly disconnected) subgraphs
l=YycYiC...CcY,=X

with length(Y;, 1) bounded above by some constant depending only on ¢, g and
length(Y;), and the diameters of the convex cores of the covers of M corresponding

to the fundamental groups of the connected components of Y;.

Assume for the moment that no connected component of Y; runs all the way
around M’s waist, so that each lifts homeomorphically to the cyclic cover M 1(39)
of M. Since rank(m(X)) < 2g, the components of Y; have even smaller rank and
thus cannot generate the fundamental group of M (2" Therefore Corollary 4.1.3
applies to bound the diameters of the associated convex cores in terms of length(Y;),
e and g. It follows that length(Y;1) is also bounded above by length(Y;), € and g.

Applying this argument iteratively, we obtain a length bound for the first sub-
graph Y; that contains a loop that projects nontrivially to 7T1<Sl). The length
bound depends on €, g and the index of the subgraph, but since there are at most
3(rank(my(M))—1) edges in X the number of subgraphs in our chain is also limited.
Therefore we have that the waist length of M is bounded by a function of ¢ and
qg. 0

Under slight modifications, the proof of Theorem 1.1.1 shows that for mapping

tori with large waist length there is only one Nielsen equivalence class of minimal
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size generating sets for 71 (M ). The interested reader may compare our proof with

[56] for more details.

The arguments above also apply to hyperbolic 3-manifolds formed by gluing along
their boundaries two twisted interval bundles over a non-orientable surface. One
usually says that such a manifold M fibers over the orbifold S!/(z — —z). The two
embedded copies of the non-orientable surface are called the singular fibers, and
the rest of M is foliated by reqular fibers, which are orientable and doubly cover the
singular fibers. We refer the reader to [33] for more information on the topology of
such manifolds.

If S1,S59 C M are the singular fibers and p € Sy is a basepoint, then w1 (M, p) is
generated by 71 (57, p) and any loop freely homotopic into So, but not into S7. Using
this, one can check that if the regular fibers have genus g, then rank (7 (M)) < g+2.
We then have the following analogue of Theorem 1.1.1:

Theorem 4.2.2. Given e¢,g > 0, there are at most finitely many hyperbolic 3-
manifolds M fibering over S'/(z v —2) with reqular fiber g for which rank(my (M))

#g+2.

The proof is nearly the same. One takes a minimal length carrier graph and
shows that if the distance between the two singular fibers is large enough then one
of the subgraphs given by Proposition 1.2.1 fills out the fundamental group of one
of the singular fibers of M. This forces the fundamental group of the subgraph to
have rank at least g+ 1, implying that the carrier graph has rank at least g+2. The
finiteness statement follows because an upper bound for the distance between the
two singular fibers provides a upper bound on the diameter, at worst by imitating

the argument in Proposition 4.2.1.
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CHAPTER 5

DEGENERATE ENDS, THE LAPLACIAN AND
ARITHMETIC 3-MANIFOLDS

The focus of this chapter is the following proposition and its applications to the

first eigenvalue of the Laplacian and arithmetic hyperbolic 3-manifolds.

Proposition 1.2.2. Assume that (M/;) is a sequence of pairwise distinct hyper-
bolic 3-manifolds with inj(M;) > € and rank(mM;) < k. Then there are base
points x; € M; such that, up to passing to a subsequence, the pointed manifolds
(M;, x;) converge in the pointed Gromov-Hausdorff topology to a pointed manifold

(Mo, o) which has a degenerate end.

Recall that an end £ of a non-compact hyperbolic 3-manifold M without cusps
is degenerate if it has a neighborhood & homeomorphic to ¥ x [0, 00), where ¥ is a
closed surface, and there is a sequence of embedded surfaces S; exiting the end &,

with bounded area and homotopic to X x {0} within U.

The proof of Proposition 1.2.2 exploits the machinery of carrier graphs developed
in Chapter 3. In fact, if we choose minimal length carrier graphs X; — M;, then an
easy consequence of Proposition 1.2.1 is that for each i there is a subgraph of X; of
universally bounded length whose image in 71 ()/;) is non-abelian. The base points

referenced in Proposition 1.2.2 can simply be chosen to lie on these subgraphs.

Our work here is organized as follows. The first section is devoted to a proof
of Proposition 1.2.2. In the second, we introduce the first eigenvalue A; of the
Laplacian and discuss its relationship with injectivity radius and the rank of the
fundamental group. Finally, we discuss some applications to arithmetic hyperbolic

3-manifolds.
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5.1 Limits with degenerate ends

In this section we prove Proposition 1.2.2. The key step in the proof is the following

application of Proposition 1.2.1.

Lemma 5.1.1. Assume that (M;) is a sequence of pairwise distinct hyperbolic 3-
manifolds with inj(M;) > € and rank(mw(M;)) < k. Then there are a constant L
and a sequence (Y;) of metric graphs with 1-Lipschitz maps (f; : Y; — M;) such
that

1. rank(m(Y;)) < k,
2. length(Y;) < L, and
3. limj o diam(CC (H? /(f;)(m1(Y7)))) = oo.

Here CC(HB/(f)«(m1(Y;))) is the convex core of the cover of M; corresponding to
the image of the homomorphism (f;)« : m(Y;) — 71 (M;).

Proof of Lemma 5.1.1. To begin with, fix €, £ and a sequence of hyperbolic 3-

manifolds (M;) as in the statement. For each i fix a minimal length carrier graph
fir Xy — M;

with rank(7(X;)) = rank(m (M;)) = k.

Assume for the moment that the sequence (length(X;)) is bounded from above
by some positive number L. In other words, the graphs X; themselves satisfy (1)
and (2). On the other hand, we have by definition that (f;)«(m(X;)) = m1(M;)
and hence

CC(H?/(fi)+(m (X)) = M;

Since the sequence (M;) consists of pairwise distinct manifolds with inj(M;) > €
we obtain, for example, from Wang’s finiteness theorem that diam(M;) — oo. This
means that the carrier graphs f; : X; — M; themselves satisfy also (3). This
concludes the proof if the sequence (length(X;)) is bounded.
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We treat now the general case. In the light of the above, we may assume without

loss of generality that length(X;) — co. Consider for each i the chain
h=YjcY/c--CYp =X, (5.1.1)

provided by Proposition 1.2.1. Since length(YOi) = 0, length(X;) — oo and the
length n; of each chain is bounded independently of i, we can choose a sequence

(m;) with
(a) 0<m; <n;—1,

(b) lim sup;_, . length(Y;}, ) < oo, and

1

(¢) lim;_, oo length(Y?

Observe that by condition (b), any of the connected components Z{', . Zﬁi of Yé%‘

satisfies (1) and (2) for any L < oo with

lim sup length(Y;) ) < L

1
1—00

By Proposition 1.2.1, length(Y

mi+1) is bounded in terms of k, L and

“max_{diam(CC(H?/(f;)«(m1(Z}))))}

J=1,...,r;

Since length(Ygl_ 1) tends to co by condition (c), we obtain that there is a sequence
7

of component of Y”i%’ say Z%, with
ln diam(CO(HS /(i) (m1 (2))))) = o0

In other words, the sequence of maps f;|,; : Zi. — M; satisfies (3). This concludes
1
the proof of Lemma 5.1.1 O

We are now ready to prove Proposition 1.2.2. Before starting, we recall the

statement once more.
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Proposition 1.2.2. Assume that (M;) is a sequence of pairwise distinct hyper-
bolic 3-manifolds with inj(M;) > € and rank(m(M;)) < k. Then there are base
points x; € M; such that, up to passing to a subsequence, the pointed manifolds
(M;, x;) converge in the pointed Gromov-Hausdorff topology to a pointed manifold

(Mso, o) which has a degenerate end.

Proof. For each i, let f; : Y; — M; be a sequence of graphs as provided by Lemma
5.1.1. We choose base points y; € Y; and set x; = f;(y;) € M;; we also choose for
all 7 an orthonormal frame of the tangent space Ty, M; and, abusing notation, refer

to it by x; as well.

Choosing a base frame zp3 of hyperbolic space we obtain for each ¢ a unique
discrete torsion-free subgroup I'; C Isom (HS) such that the hyperbolic manifolds
M; and H3 /T'; are isometric by an isometry mapping the base frame z; to the

projection of the base frame 3. From now on we identify M; = H3 /L.

The assumption that M; = H3 /T; has at least injectivity radius € implies that
the sequence of groups I'; contains a subsequence, say the whole sequence, which
converges in the Chabauty topology to a discrete and torsion free group I'o. It
is well-known that this is equivalent to the convergence in the pointed Gromov-
Hausdorff topology of the pointed manifolds (M;, z;) to the manifold My, = H3/T
(see [9]).

The assumption that the manifolds M; are pairwise distinct implies that My is
not compact. In particular, in order to show that it has a degenerate end, it suffices
by Canary’s extension of Thurston’s covering theorem [25] to find a manifold Mo

which has a degenerate end and covers My,. This is our goal.

Passing to a subsequence, we may assume that the group 71 (Y}, ;) is isomorphic
to the free group Iy, of rank m < k for each i. Moreover, since the subgraphs
graphs Y; have length bounded by some universal constant L, we may choose the
identification Fy, ~ m(Y},y;) in such a way that each element of the standard
basis is represented by a loop of at most length 2L. The composition of this iden-

tification, the homomorphism (f;)« : m1(Y;,v;) — m1(M;, x;) and the identification
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m1(M;, z;) ~ T'; yields a representation
pi : Fpy — Isomy (H3)

in such a way that if e; € [y, is an element of the standard basis then for all ¢ we

have
dys ((pilej)) (w3 ), vs) < 2L

This implies that, up to passing to a further subsequence, the sequence of represen-
tations (p;) converges to a representation pso of Fy, into Isom (]I-]I3), meaning that
for each v € Fy, we have lim; p;(7) = poo(y). The image of px is a subgroup of
T'so; in particular, it is discrete and the manifold My, = H® /poo(Fr,) covers M.
Observe that inj(Mso) > € and hence poo (F™) does not contain parabolic elements.

We claim that My, has a degenerate end. Otherwise, its convex-core CC(Mxo)
is compact by the work of Agol [2], Calegari-Gabai [23] and Canary [24]. Marden’s
stability theorem [42] implies then that there are bi-Lipschitz maps (defined for

large enough 1)
Qgi : H3/Poo(]Fm) - Hg/pi(Fm)

whose bi-Lipschitz constants tends to 1. This implies that

lim diam(CC(H?/p;(Fyn))) = diam(CC(H? /poo(Fin))) < o0
1— 00
contradicting that by Lemma 5.1.1 we have

lim diam(CC(H?/p;(Fm))) = Jm diam(CO(H?/(f;)+(m1(¥7)))) = o0

1—00

We have proved that My has at least a degenerate end €. As remarked above,
Thurston’s covering theorem [25] implies that My, has a degenerate end as well.

We have proved Proposition 1.2.2. O
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5.2 An Application to Eigenvalues of the Laplacian

Let M be a closed hyperbolic 3-manifold. Given a smooth function f and a smooth
vector field X on M let Vf and div(X) be their gradient and divergence respec-
tively. The Laplacian Af of a function f € C°°(H3) is then defined as

Af = —divVf

The Laplacian extends to a self-adjoint linear operator with discrete spectrum on
the Sobolev space Hy9(M). By the spectral theorem, there is a Hilbert basis of
Hj 9(M) consisting of eigenfunctions of A. Let

0= M) <M (M) <X(M)<...

be the eigenvalues of A in increasing order. In [27], Cheeger introduced the so-called

Cheeger constant

vol(0U)

MM) = Il ol Vol (M \ T}

UcM

where the infimum is taken over smooth 3-dimensional submanifolds with boundary
inside M. Cheeger showed that h(M) can be used to bound A (M) from below;
later, Buser [22] showed that A1 (M) can be estimated from above using the Cheeger
constant and lower-bounds on the Ricci-curvature. For hyperbolic 3-manifolds,

their formulas combine as follows:

};h(M)Q < A\ (M) < 4h(M)? + 10h(M) (5.2.1)

The next lemma follows directly from the definition.

Lemma 5.2.1. Assume that a hyperbolic 3-manifold M without cusps has a de-

generate end. For every n positive we can find two disjoint compact 3-dimensional

1 .
submanifolds Uy, Uy C M with V\?O(E)UJ)

T(]]-)<77f0rj:1’2‘
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We are now ready to prove the following theorem, stated in the introduction.

Theorem 1.3.1. For every €, 6, k > 0, there are only finitely many isometry classes
of hyperbolic 3-manifolds M with inj(M) > §, first eigenvalue of the Laplacian
A (M) > § and rank(m (M)) < k.

Proof. Seeking a contradiction, assume that for some €, and k positive, there
is a sequence (M;) of pairwise distinct hyperbolic 3-manifolds with inj(M;) > e,
A1(M;) > 6 and rank(my(M;)) < k. Passing to a subsequence and choosing base
points, assume that (M;, z;) converges to a manifold (Mo, Zoo) as indicated in
Proposition 1.2.2.

Since the manifold My has a degenerate end we have by Lemma 5.2.1 that

for each n > 0, there are two disjoint compact submanifolds Uy,Us C M with
vol(9U;)
VOl(Uj)
bi-Lipschitz embeddings with bi-Lipschitz constant closer and closer to 1. We have

then

< n. Choose R with Uy,Uy C Br(Mxo, Too) and let 1; be a sequence of

L Yol(@((U))) _ vol(9U;)
i—oo  vol(¢;(Uj)) vol(Uj)

<n

for j = 1,2. Taking into account that v;(Uq) N;(Us) = B, we deduce that

limsup h(M;) <n

1—00

Buser’s inequality (5.2.1) implies that

lim sup A\ (M;) < 4772 + 109

1—00

Since n > 0 was arbitrary we obtain that lim; \{(M;) = 0, contradicting the as-
sumption that A\j(M;) > ¢ for all 7. This concludes the proof of Theorem 1.3.1. [

5.3 Rank and Arithmetic 3-manifolds

In this final section we sketch the proofs of some additional results which can

be obtained if one considers only arithmetic hyperbolic 3-manifolds. See [41] for
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definitions.

Assume that M; is a sequence of pairwise distinct, closed arithmetic hyperbolic 3-
manifolds with inj(M;) and rank(my(M;)) < k. A deep result of Vigneras, combined
with a lemma of Long-Reid (see Agol [1]), asserts that each of the arithmetic
manifolds M; covers some hyperbolic orbifold O; with A (O;) > % By Proposition
1.2.2 we can find base points x; € M; such that, up to passing to a subsequence,
the manifolds (M;,x;) converge in the pointed Gromov-Hausdorff topology to a
hyperbolic manifold My, which has a degenerate end. Denote by Z; the projection

of the base point x; under the covering
T+ M; — O

provided by Vigneras’ theorem. Passing again to a subsequence we may assume
that the orbifolds (O;, Z;) and the coverings 7; converge in the Gromov-Hausdorff

topology to an orbifold O and a covering
Too : Moo — O

respectively. By Canary’s extension of Thurston’s covering theorem [26], we deduce
that either O has a degenerate end or is compact. The former case is ruled out as
in the proof of Theorem 1.3.1 using that A\ (O;) > % for all 7. In particular, O is
compact and hence there is ig with O; = O« for all 7 > i5. We have proved that,
up to passing to a subsequence, all the manifolds M; cover some fixed orbifold and

in particular, they are commensurable. Hence:

Corollary 1.3.2. For all € and £ positive, there are only finitely many commensu-
rability classes of closed arithmetic hyperbolic 3-manifolds M with inj(M) > € and
rank(m (M)) < k.

Using the information given by Thurston’s covering theorem more carefully, we
obtain also that all but finitely many arithmetic hyperbolic 3-manifolds M with
inj(M) > e and rank(my(M)) = k fiber over one of the two 1-dimensional orbifolds
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St and S'/(Z/2Z) with fiber of bounded genus. Combining this observation with

the main results of [11] it is not difficult to deduce the following corollary:

Corollary 5.3.1. Given €,k > 0, there are only finitely many arithmetic closed
hyperbolic 3-manifolds with rank(my M) = k and inj(M) > € that do not fiber over
the circle with fiber Yy (k odd), or fiber over the orbifold S'/(z — —z) with
non-singular fiber Xj._o 2(k even,).

We also obtain the two following consequences, the second of which is due to

Agol in the case that rank(m(M)) = 2.

Corollary 5.3.2. For every € and k there are only finitely many closed arithmetic
hyperbolic 3-manifolds M with inj(M) > € and rank(m(M)) < k which have the
same Z./27Z-homology as S>.

Corollary 5.3.3. For every € and k, there are only finitely many closed arithmetic

hyperbolic 3-manifolds M with inj(M) > € and rank(mwy(M)) < 3.
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CHAPTER 6
ALGEBRAIC AND GEOMETRIC LIMITS

In this chapter, we study the relationship between algebraic and geometric limits
of sequences of representations into PSLo C. As mentioned in the introduction,
our primary goal is to investigate the extent to which results concerning faithful
sequences of representations fail in the unfaithful setting.

The layout of the chapter is as follows. In the first section, we construct Exam-
ples 1.4.1, 1.4.2 and 1.4.3, which exhibit ways in which the algebraic and geometric
limits of sequences of unfaithful representations can differ. The next section pro-
vides a proof of Theorem 1.4.3, our generalization of Anderson-Canary’s theorem
concerning limits of sequences of faithful representations. After that, we prove a
technical result, Proposition 6.3.1, which supplies conditions under which a cov-
ering M — N of hyperbolic 3-manifolds factors as a tower M — M’ — N with
x(M'") > x(M). Proposition 6.3.1 and a slightly stronger version of Theorem 1.4.3
are the key ingredients in the proof of Theorem 1.4.4 in section 6.4. In section 6.5
we discuss extensions of Theorem 1.4.4 and Theorem 1.4.3 to the case that the alge-
braic limit has cusps; for instance, this permits us to recover Evans’ general version
of Anderson-Canary’s Theorem 1.4.1. In the last section, we briefly describe to
which extent other well-known theorems about faithful representations remain true

if the condition of faithfulness is dropped.

6.1 Examples

We construct here the three examples of sequences with different algebraic and ge-
ometric limits that were promised in the introduction. All our constructions follow

the same general strategy: we construct an appropriate sequence of representations
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o [’ — PSLy C where the algebraic and geometric limits match and then restrict
them to a subgroup I' < [’ so that this is no longer the case. More specifically,
assume that (o;) converges algebraically to a faithful representation o and geo-
metrically to ooo(I'). Assume that I' < I is a proper subgroup with o;(I") = o4(I)
for all i € N and let p; = o;|p. By construction, p; converges algebraically to
Poo = 0ol and geometrically to oo (I'). Since I' is a proper subgroup of [ and
0o 1s faithful, we obtain that the algebraic limit group peo(I') = 0o (I") is a proper
subgroup of the geometric limit aoo(f).

Here is the first example mentioned in the introduction.

Example 1.4.1. Let I' be the fundamental group of a closed orientable surface
of genus 3. There is a sequence of representations (p;) in D(I') that converges
algebraically to a faithful representation p and geometrically to a group G such

that

e (G has no parabolics

e p(I') has index 2 in G.

It will be apparent from the proof that there is nothing very special about genus
3. In fact, the argument will work whenever I' is the fundamental group of a closed

orientable surface that nontrivially covers another such surface.

A Sequence of Convex-Cocompact Handlebodies: Let (H,S) be a genus
g handlebody with boundary surface S. Recall that the Masur domain Oy C
PML(S) is the set of all projective measured laminations on S that intersect
positively with every element of PML(S) that is a limit of meridians. Since it
is open and the attracting laminations of pseudo-anosov elements of Mod(S) are
dense in PML(S), we may choose a pseudo-anosov diffeomorphism f : S — S
with attracting lamination A\ € Op; denote by A the repelling lamination of f.
Theorem 2.5.2 implies that the deformation space of convex-cocompact hyperbolic
metrics on a hyperbolizable 3-manifold is parameterized by the Teichmuller space

of its boundary. So, we can produce a sequence of convex-cocompact metrics on H
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corresponding to an orbit of f on 7 (.5). Concretely, after fixing some base conformal
structure X on S, we have convex-cocompact hyperbolic manifolds N;,7i =1,2,...
and homeomorphisms h; : (H,S) — (N;,dN;) such that h; o f' : S — ONj is

conformal with respect to X.

Good Markings: By Proposition 2.5.1, the nearest point projection 7; : ON; —
0 CC(N;) is K-lipschitz for some constant K independent of i. Considering S with

its Poincaré metric, the map
oji=mohiof 'S — N,

is K-lipschitz as well. Since it is 7m{-surjective, we may use o; to mark the funda-
mental group of N; with 71(S). Specifically, after taking a base point p € S, the
surjections (0;)« : (S, p) — 7m1(IV;, 0i(p)) determine up to conjugacy a sequence

of representations
Pi - Wl(sap) - PSL(27C>7 HS/pZ(7Tl<S,p)) = NZ

Since all ¢; are uniformly lipschitz, we there is some subsequence (pij) that
converges algebraically to a representation psg
— poo : T1(S,p) — PSL(2,C)

pi;

Set Noo = H?/poo(m1(5,p)).

Characterization of the Limit: The goal here is to verify the following de-

scription of the algebraic limit po.

The representation pso : 71(S,p) — PSL(2,C) is faithful and purely
loxodromic, so Noo = S X R and has no cusps. One of the ends of Ny is
convex-cocompact with associated conformal structure X and the other
is degenerate with ending lamination \; here X is the base conformal

structure on S fixes above and \ is the repelling lamination of f. In
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particular, the limit p, does not depend on the chosen subsequence

(pi].) and the convergence p; — poo i strong.

We first need to show that the marking of 71 (N ) given by p is induced by an em-
bedding 0 : S — N&. Assume by passing to a subsequence that Pi (m1(S,p)) —
G C PSL(2,C) geometrically, and let N = H3/G. If base points are chosen for
Nij on aCC(Nij), the resulting based manifolds converge in the Gromov Haus-
dorft topology to Ng. Our marking maps oj; converge to a map og : S — Ng
(the existence of the limit can be shown by applying Arzela-Ascoli’s Theorem to the
composition of 0 with a sequence of almost isometric maps from Nz’j to N coming
from geometric convergence). There is a natural covering map m : Nog — N¢ cor-

responding to the inclusion puo(71(5,p)) C G, and o¢ lifts to a map 0, : § — Noo

inducing the marking given by po.

Claim. The image of 05 bounds a neighborhood E’ of a convex-cocompact end

of Noo. Furthermore, B/ = 3y x R and 7| : E' — Ng is an embedding.

Proof. We will show that the image of o4 bounds a convex-cocompact end in Ng
homeomorphic to Y4 x R. It will follow immediately that this end lifts to an end
E’ as desired.

Let K C Ng be some Gromov-Hausdorff limit of the sequence of convex cores
CC(N@-].), passing to another subsequence as necessary. Note that K is convex and
contains CC(N¢). Its boundary 0K is the limit of the boundaries 0 CC(Nij), and is
therefore the image of 0. Using convexity, it is then not hard to see that the image

of 0 is homeomorphic to 3g. Setting £ = Ng \ K, we obtain a convex-cocompact

end of Ng. As OF = X4, the nearest point retraction gives a homeomorphism

Ne \ K 2%, x (0,00). m

Recall that the sequence (Ni].) is marked by precomposing a homeomorphism
H-j S — aN_Z-j that extends to the handlebodies with a pseudo-anosov map f :
S — S that has attracting lamination A € Op. The following claim is the reason

we chose A in the Masur domain Opy.

Claim. pyo is faithful.
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Proof. An equivalent statement of the claim is that the map oo : S — N iS
m1-injective. So by the Loop Theorem, it suffices to check that ps is injective on

elements of 71 (S, p) representable by simple loops on S.

Let v C S be a simple closed curve. Then fij (7) — A in PML; since A € O,
which is an open subset of PML, for large i; we have f(y) € O as well. In
particular, fij (7) is not compressible in H. It follows that

oi;(7) = 1i; © hi; © £l ()

is incompressible in N,'j. Therefore Pi (7) # Id for sufficiently large ;. A standard
application of the Margulis Lemma shows that poo(y) # Id as well (see, e.g.[43,
Theorem 7.1]). O

Geometrically, the reason that p is faithful is that for large ¢ all compressible
curves on d CC(N;) are very long. Since a fixed generating set for 71 (S, p) maps
under our markings to a set of loops on 9 CC(N;) with uniformly bounded length,
this implies that elements of 71 (.S, p) representing compressible curves in N; must
for large 7 be expressible only with very large words in the generators. So in the

limit, there are no compressible curves.

As poo : m1(S,p) — PSL(2,C) is faithful, the Tameness Theorem implies that
Nxo = S x R. From above, we know that one of the two topological ends of N is
convex-cocompact with associated conformal structure X. To analyze the geometry

of the other end, we must first prove the following:

Claim. The lamination \ is not realized in Nso. In particular, Noo has a degenerate

end with ending lamination \.

Proof. Fix a meridian m. By definition, the curve f i (m) is in the kernel of the
representation p; for all i;. On the other hand, the sequence (f i (m)) converges
to A in PML(S). This implies that X is not realized; see for instance [49, Section
4]. O
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Since N is homeomorphic to S x R and has a convex-cocompact end and a
degenerate end, we deduce that p is purely loxodromic. Moreover, the resolution
of the ending lamination conjecture by Minsky [46] and Brock-Canary-Minsky [18]
implies that the limit p, does not depend on the chosen subsequence. The next

observation concludes our analysis.
Claim. p; converges to pso strongly.

Proof. We need to show that the covering m : Noo — Ng is trivial. There is a
neighborhood of the degenerate end of Ny that is completely contained in the
convex core CC(Nso). So, Noo \ E is the union of CC(Nso) and some compact set.
A result of Thurston [39] and Bonahon [13] implies that the injectivity radius of
N« is bounded above inside of its convex core, so by extension there is an upper
bound K for the injectivity radius of Noo outside of E’. Pick a point € N¢ deep
enough inside its convex-cocompact end so that inj(xz, Ng) > K. Then no element
of Noo \ E’ can project to x. Since 7 is injective on E’, |7 ~!(x)| = 1. Therefore 7

is trivial. ]

Restricting the Markings: Finally, we show that we can restrict our representa-
tions (p;) to a subgroup of 71 (S, p) to create a sequence with the properties desired

for our example.

Claim. After passing to a subsequence, there exists an index 2 subgroup I' C

71(S, p) such that for each i > 0,

(@i)«lr : T — m1(Ni(oi(p)))
is a surjection.

Proof. The proof consists of two simple observations. First, if M is a handlebody
then there is an index 2 subgroup I' C 71 (0M) that surjects onto m1(M). One can
take, for example, the kernel of the map taking an element of 71 (0M) to its mod-2

intersection number with any longitude in a standard meridian-longitude basis for
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H{(OM). Therefore, we can construct for each ¢ and index 2 subgroup I'; with
(0;)« : I'j — w1 (N;,05(p)) a surjection. Since there are only finitely many index 2
subgroups of 71(S,p), we can pass to a subsequence so that a single I' C 71 (S, p)

works for all 7. ]

Consider now the sequence of representations p;|p : I' — PSL(2,C). The claim

implies that p;(I") = p;(m1 (S, p)), so

pi(I') — poo(m1(S, p))

geometrically. Now p; — poo algebraically, so p;|r — poo|p. Therefore, since po is
faithful, poo(I") has index 2 in poo(71(S, p)). We have therefore provided a sequence
of representations converging algebraically to a faithful representation whose image
is an index 2 subgroup of the geometric limit, and so that the geometric limit has

no parabolics. This concludes our example.

An Alternate Method: The difficult part of the example above is constructing
a sequence of hyperbolic 3-manifolds (N;), each homeomorphic to the interior of a
genus g handlebody, that converges geometrically to a hyperbolic 3-manifold N4
homeomorphic to X4 x R. Such a sequence can be assembled differently by working

backwards from the limit.

Fix a Bers slice X C AH(m(Xg)). There is a marked hyperbolic 3-manifold
Nx € 0X with no cusps, one degenerate end and one convex-cocompact end.
One can construct N, for instance, as the algebraic limit of a sequence obtained
by iterating a pseudo-anosov mapping class on X, [20]. McMullen has shown,
[44], that any point on the boundary of a Bers slice can be approximated by one-
sided maximal cusps. This means that there is a sequence of marked hyperbolic 3-
manifolds M; € 0X converging algebraically to Noo, where each M; has a maximally
cusped end. As Ny has no cusps, Theorem 1.4.1 implies that there are base points
p; € M; so that (M;, p;) — (Noo, Poo) geometrically. Furthermore, p; can be chosen

to lie on the component of 0 CC(M;) facing the convex-cocompact end of M;. Note
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that since the thrice-punctured sphere components of 0 CC(M;) disappear in the

geometric limit, their distances to p; grow without bound.

Passing to a subsequence, we may assume that the pinched pants decompositions
on the maximally cusped ends of M; all have the same topological type. In other

words, we may choose a pants decomposition P C ¥4 and homeomorphisms

M; = (2g < [0,1]) \ (P x {0})

for all 4. Pick an identification of X, with the boundary of a genus g handlebody
H so that P is a pinchable collection of curves on 0H; the latter condition can
be ensured, for instance, by composing any fixed identification with a high power
of a pseudo-anosov homeomorphism of 0H whose attracting lamination lies in the
Masur domain. This allows us to endow H with a geometrically finite hyperbolic
metric in which P has been pinched. Then both 0 CC(H) and the bottom boundary
components of CC(M;) are identified with X4\ P, so we may use Lemma 2.9.1 to glue
them together. This produces a sequence of hyperbolic 3-manifolds NZ.' equipped
with isometric embeddings of CC(H) and the subset K; C M; that is the union of
the convex core of M; and its convex-cocompact end; we will denote the inclusion
of the latter by ¢; : K; — N{. Since the frontier of K; in M; consists of the thrice-
punctured sphere components of 9 CC(M;), its distance to the base point p; € M;
tends to infinity with 7. The same holds for the distances from ¢;(p;) to the frontier
of 1;(K;) C NZ-’ . Therefore, the sequence of based manifolds (NZ’ ,ti(p;)) converges

geometrically to the same limit, (Nso, poo), as our original sequence.

Observe that N{ is homeomorphic to the manifold obtained from H by pushing
P C OH into the interior of H and then drilling it out. The curves in P correspond
to rank 2 cusps of NZ-’ , so we may choose (z, y)-coordinates for the Dehn filling space
of each cusp so that (1,0) corresponds to filling a curve that is contractible in H and
(0, 1) represents filling a curve homotopic into P. Then the manifold Ni”n obtained
from (1,n)-Dehn filling on each cusp of Ni’ is homeomorphic to H (compare with
[39, Section 3]). If n is large, an extension of Thurston’s Dehn filling theorem due to

to Bonahon-Otal [14] and Comar [28] implies that N/ is hyperbolic. Furthermore,
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there are base points p; ,, € NZ-’n such that (NZ’ o Pim) — (NZ(, ti(p;)) geometrically.
An appropriate sequence (n;) can then be chosen so that (N ny’ Din;) converges

geometrically to (Noo, peo). Setting N; = NZ( .. finishes our work.
(e

Example 1.4.2. Let I' be the fundamental group of a compression body with ex-
terior boundary of genus 4 and connected interior boundary of genus 3. There is a
sequence (p;) in D(I") converging algebraically to a representation p and geometri-

cally to a group G such that:
e (G does not contain any parabolic elements.
e p(I") has infinite index in G.

The representations here are constructed from those in the previous example by

using Klein-Maskit combination:

The Combination Theorem (see [43]). Let G and Gy be two discrete and
torsion free subgroups of PSLy C. Suppose that there exist fundamental domains
D; C Q(G;) for G;, each containing the exterior of the other. Then G = (G1, G2)
is discrete, torsion free and is isomorphic to G x G9. Moreover, if the groups G;

do not contain parabolics then the same is true for G.

Recall our notation from the previous example: (p;) is a sequence of represen-
tations in D(m1(X9)) converging strongly to a faithful representation p~ without
parabolics, and I' C 71(39) is an index 2 subgroup with p;(I') = p;(71(29) for all
i. For convenience, set G; = p;(71(22)) and G = poo(m1(22)).

Our previous analysis implies that the convex cores of H?3 /G; converge to the
convex core of H3 /G in the Gromov-Hausdorff topology, so the limit sets A(G;)
converge to A(G) in the Hausdorff topology. Since Q(Goo) # 0, it follows that
there exist fundamental domains D; C Q(G;) for the action of G; converging to a
fundamental domain Dy, for the action of G on Q(G). Pick some loxodromic
element o € PSL(2, C) with fixed points contained in the interior of Ds,. Moreover,
assume that its translation distance is large enough so that there is a fundamental

set for Q((a)) whose complement is entirely contained within D,. After discarding
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a finite number of terms, its complement will also be contained in D; for all i. We

now construct new representations
P m1(29) * Z — PSL(2,C)

from p; by sending 1 € Z to . If G} C PSL(2,C) is the image of p), the Klein-
Maskit combination theorem implies that G, = G; () and is discrete, torsion
free and has no parabolics. The same statements apply when ¢ = oo, showing in

particular that pf is faithful.

It follows, for instance, from the argument in [5, Proposition 10.2] that p; — pho
strongly. Consider the subgroup I'' = I'x Z C 71(29) * Z. Then p;|rl converges
algebraically to pl|p. However, since p;(T') = p;(m1(32)) for all i, pi(I") =
pi(m1(S2) * Z) as well. So, pi(T') converges geometrically to Gl,. Since ply, is
faithful, p,(I") has infinite index in G,. Therefore p; : I' — PSL(2,C) is a
sequence of representations for which the algebraic limit has infinite index in the
geometric limit. As mentioned above, the geometric limit IV has no parabolics.
Since I" is isomorphic to the fundamental group of a compression body with ex-
terior boundary of genus 4 and connected interior boundary of genus 3, we have

provided the desired example.

The geometry of Example 1.4.2: The manifolds Ni/ = H3 / Gg are all convex-
cocompact hyperbolic 3-manifolds homeomorphic to the interior of a genus 3 han-
dlebody. The strong limit N/ = H3 /GL is then a compression body with genus
3 exterior boundary and connected, genus 2 interior boundary. Its exterior end
is convex-cocompact and its interior end is degenerate. After restricting our rep-
resentations to I, the manifolds in our sequence and their geometric limit re-
main unchanged, but the algebraic limit is now a cover of N’ homeomorphic to a
compression body with genus 4 exterior boundary and connected, genus 3 interior

boundary.

Example 1.4.3. Let I" be the fundamental group of a compression body with ex-

terior boundary of genus 4 and connected interior boundary of genus 3. There is a
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sequence (p;) in D(I") converging algebraically to a representation p and geometri-

cally to a group G such that:

e p(I') has does not contain any parabolic elements.

e ( is infinitely generated.

In [60], Thurston exhibited a sequence of representations of a closed surface group
into PSL(2,C) converging geometrically to a group that is not finitely generated.
However, the algebraic limit of these representations contains parabolic elements.
The idea here is to attach pieces of the handlebodies in Example 1.4.2 to the
manifolds in his sequence so that the parabolics are hidden from the algebraic
limit.

To facilitate such a combination, we must build a variant of Example 1.4.2 in
which each of the handlebodies in the sequence is maximally cusped. Let M be
a compression body with genus 3 exterior boundary Sg and connected, genus 2
interior boundary Sy. Assume that Pp C Sg is a pants decomposition consisting

of curves in the Masur domain of M.

Claim. There is a sequence of maximally cusped pointed hyperbolic 3-manifolds
(N;), each homeomorphic to the interior of a genus 3 handlebody, that converges
geometrically to a hyperbolic 3-manifold N, homeomorphic to the interior of M
in which Pp has been pinched. Moreover, the subsets CC(N;) C N; converge to
CC(Nso) geometrically.

Proof. The sequence (N;) will be constructed in two steps. First, we will produce
a sequence of hyperbolic 3-manifolds M; homeomorphic to the interior of M in
which both ends are maximally cusped. The sequence will converge geometrically
to the manifold Ny referenced in the statement of the claim. We will then use the
same gluing trick exploited in Example 1.4.1 to cap off the interior ends of each
M; without changing the sequence’s geometric limit, thus producing the desired
sequence of handlebodies (1V;).

Fix pants decompositions Pg and Pj for the boundary components of M, and

assume that every curve in Pg lies in the Masur domain of M. If we choose
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a pseudo-anosov diffeomorphism f : S; — S, then for each ¢ we have a new
pants decompositions f*(Py) for Sy. It is not hard to check that for each i, Py U
fY(Py) is a pinchable collection of curves on dM (see Section 2.9). So, there is a
sequence of marked hyperbolic 3-manifolds M; € AH(M) in which Pg U f'(Py)
have been pinched. Note that in fact M; lies in the deformation space AH (M, Pg)
of hyperbolic structures on the interior of M in which the curves of Pg represent
parabolics. Since Pp consists of curves lying in the Masur domain, the pared
manifold (M, Pg) has incompressible and acylindrical boundary. It follows from
a theorem of Thurston, [59, Theorem 7.1|, that AH (M, Pg) is compact. So after
passing to a subsequence, we may assume that ();) converges algebraically to some
Noo € AH(M, Pg).

We claim that the only parabolic loops in N, are those that are freely homotopic
into Pg. The end of Ny facing Sg is maximally cusped by Pg, so there is no room
for additional cusps there. It therefore suffices to show that the end facing S7 has
no cusps. Work of Thurston, Bonahon and Brock, implies that there is a continuous
map

length : AH(M) x ML(S7) = R

that extends the function that assigns to an element N € AH(M) and a simple
closed curve v € Sy the shortest length of a curve in N homotopic to 7 (see [17]).
Since lengthMi(fi(PI)) = 0 for all 7, in the limit we have lengthy; (A) = 0, where
A is the attracting lamination of f. This implies that A\ cannot be geodesically
realized by a pleated surface in N homotopic to S;. Let Moo be the cover of
N corresponding to m1(S7). The end of Ny facing Sy lifts homeomorphically
to an end &£ of Noo. The other end of Noo has no cusps and is therefore convex-
cocompact by the Tameness Theorem and Thurston’s covering theorem. Since A is
filling and unrealizable in No, the argument in [43, Theorem 6.34] then shows that
£ is degenerate with ending lamination A. In particular, £ has no cusps. Projecting

down, the same is true for the end of Ny, facing S;.

This shows that the convergence M; — N is type preserving, so Theorem 1.4.1

implies that the convergence is strong. So, base frames for M; can be chosen so
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that the sequence converges geometrically to Noo. The rest of the argument follows
that given at the end of Example 1.4.1. Fix a genus 2 handlebody H and choose a
hyperbolic metric on its interior in which a pants decomposition P C 0H with the
same topological type as Py C S} has been pinched. We can then create for each ¢
a hyperbolic 3-manifold N/ by removing from M; the component of M; \ CC(M;)
facing Sy and gluing CC(H) in its place. As in Example 1.4.1, the sequence <Nz,)
converges geometrically to Ny. Performing an appropriate Dehn filling on each
Ni’ yields a sequence of hyperbolic 3-manifolds (4V;), each homeomorphic to the

interior of a genus 3 handlebody, that also converges geometrically to Nuo.

We must show that CC(N;) — CC(Nso) geometrically. First, every component
of 0CC(Ny) is contained in a geometric limit of some sequence of components
of 9CC(N;). These are all thrice punctured spheres, however, so in fact we have
that for large i there are components of 9 CC(N;) that closely approximate each
component of d CC(Ny). However, 0 CC(1V;) and 0 CC(N) both have 6 compo-
nents, so for large ¢ they must almost coincide. From this, it is easy to check that
CC(N;) — CC(No) geometrically. O

Fix a geometrically finite hyperbolic structure on >3 x R in which both ends are
maximally cusped, and let C' be its convex core. Then there are pants decomposi-

tions P — C X3 so that
C = (S x [<1,+1) \ (P x {=1}U Py x {+1}),

and we label the components of dC' as positive and negative accordingly, so that
0C = 0+C UOJ_C. Let E be the component of the complement of C that faces
its positive boundary components. Assume that the pairs (X3, Py ) and (Sg, Pg)
have the same topological type, and that every curve in Py intersects some curve
in P_.

We now glue these pieces to the manifolds N; and N from the previous Lemma.
To begin with, let
Nl =CC(Nso) U CLig C Ly -+ - .



60

Here, the gluing maps h : 0 CC(Ny) — 0—-C and g : _C' — 94+C can be any
isometries that extend to maps (Sg, Pg) — (X3, P-) and (X3, Py) — (X3, P-).
This ensures that N/, is constructed as in Lemma 2.9.1. Note that the inclusion

map CC(Nyo) — NL is mi-injective.

Next, for large 7 geometric convergence and the gluing map h determine an
identification h; : 0 CC(N;) — 0—C'. Define

N} = CC(N;) Uy, C'Ug - Ug CUE.
—_———

i times

Recall that CC(N;) — CC(Nso) geometrically. From this it follows that if N7 is
given the base frame of N produced in the previous Lemma, then (N/) converges

geometrically NZ .

As in Example 1.4.1, performing (1,n)-Dehn filling on each of the cusps in NZ-'

produces, for large n, a new hyperbolic manifold V, Z’ ,, homeomorphic to the interior
. . o /

of a genus 3 handlebody. Also, an appropriate diagonal sequence N;* = N, i,n; €A1 be

chosen to converge geometrically to N/ . In summary, we have proven the following

claim.

Claim. There is a sequence of convex-cocompact pointed hyperbolic 3-manifolds
N}, each homeomorphic to the interior of a genus 3 handlebody, that converges

geometrically to a hyperbolic 3-manifold N’ with infinitely generated fundamental

group.

We now obtain the sequence of representations advertised in the statement of this
example by marking the manifolds N appropriately. Recall that the fundamental

group of the compression body M splits as a free product
m (M) = m1(Sg) * (@) = 71 (32) * Z,

for some element o € 71 (M). The inclusion map M = CC(Ny) — NL, is -
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injective, so it determines an embedding
poo 1 (¥g) % Z — 1 (NK).

Then p identifies a finite generating set for 71 (39) * Z with a finite set of loops in
N’ . For large i, geometric convergence provides an almost isometric embedding
of these loops into N;; therefore, there are induced homomorphisms

pi = m1(X9) * Z — m(N]).
In fact, p; is surjective, and therefore is a marking of 71 ().

The sequence of marked hyperbolic manifolds (N, p;) converges algebraically to
the cover of N/  corresponding to the image of poo, and converges geometrically
to N (as noted above). Note that 71(NL,) is not finitely generated. We are not
quite done, however, because the algebraic limit here has cusps. To hide the cusps,

we will use the finite index trick exploited in Example 1.4.1, but for this to work

the pants decomposition Pr used above must be chosen more carefully.

Claim. There is a pants decomposition P C Sg consisting of curves in the Masur
domain, none of which are conjugate into a subgroup of w1 (M) of the form I' x (),

where I' < 71 (S, p) has index 2.

Deferring the proof for a moment, pick as in Examples 1.4.1 and 1.4.2 an index 2
subgroup I' C m1(X2) so that p;|p.z surjects onto 71 (N;"). If in constructing (N;),
the pants decomposition Pg is chosen as indicated in the above claim, there will
be no parabolics in the algebraic limit of (p;|psz). However, since this is still a
sequence of markings for N, the geometric limit will be N!_, which has infinitely

generated fundamental group. This finishes the example.

Proof of Claim. Although the claim is purely topological, the proof we give uses
3-dimensional hyperbolic geometry. It would be nice to give a more straightforward
proof; also, it is possible that the the second part of the conclusion is satisfied by

any pants decomposition of curves in the Masur domain.
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To begin, construct by some means a hyperbolic manifold N homeomorphic to
the interior of M that has no cusps and in which both ends are degenerate. One
way to produce N is as follows. First, find a hyperbolic manifold homeomorphic to
Y3 X R that has one degenerate end and one maximally cusped end. This can be
done using an argument similar to the construction of Ny, above. We can then glue
its convex core to the convex core of Ny, as in Lemma 2.9.1 and appropriately fill the
resulting cusps to create a totally degenerate hyperbolic manifold N homeomorphic

to the interior of M.

Fix an index 2 subgroup I' C 71 (ST, p), and let Ny be the cover of N correspond-
ing to I' x («). Then Ny has a degenerate end homeomorphic to X3 x [0,00) that
double covers the genus 2 end of N. Adjoining a loop in N representing « to a
level surfaces of this end and thickening produces a compact core for Ny home-
omorphic to the interior of a compression body with genus 4 exterior boundary
and connected, genus 3 interior boundary. The tameness theorem of Agol [2] and
Calegari-Gabai [23] implies that N is itself homeomorphic to the interior of such
a compression body, and a theorem of Canary [24] implies that its genus 4 end, g,
is either degenerate or convex-cocompact. It cannot be that both ends of Np are
degenerate, for then Canary’s covering theorem [25] would imply that I' x () is

finite index in 71 (N). Therefore, £ is convex-cocompact.

Since the genus 3 end, &, of N is degenerate, it has an ending lamination A C Sg.
Canary has shown that A lies in the Masur domain of M (see [24] for a proof of
this and the uniqueness of A). Choose a pants decomposition Pp C Sg consisting
of curves that lie close to A in PML(Sg). The Masur domain of M is an open
subset of PML(SE), so we may assume that each curve in Pg lies inside of it.
Furthermore, their geodesic representatives in N lie very deep inside of £. As £ is
convex-cocompact, the convex core of Ny covers a subset of N that has bounded
intersection with £. So, we may assume that the geodesic representatives of curves
in Pg do not intersect its image. If some curve in Py were conjugate into I' x (a),
then its geodesic representative in N would lift to a closed geodesic in Np. Every

closed geodesic in Ny is contained in its convex core, so this is impossible. O
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6.2 Proof of Theorem 1.4.3

Before beginning the bulk of the proof, we will present a technical lemma whose
proof requires a bit of differential geometry. Afterwards, Theorem 1.4.3 will follow
from purely synthetic arguments.

Recall from Proposition 2.4.2 that a hyperbolic 3-manifold M with finitely gen-
erated fundamental group and no cusps contains a compact core C' C M for which
each component of JC facing a convex-cocompact end of M is smooth and strictly
convex. For convenience, let S¢. be the union of those components of dC facing
convex cocompact ends and F. the union of the adjacent components of M \ C.

Then E. is homeomorphic to S x (0,00) via 'radial coordinates’:
R: See x (0,00) — Eee, R(x,t) =exp,(tr(z)),

where v is the outer unit-normal vectorfield along Scc.
If f:C — N is a smooth immersion into some complete hyperbolic 3-manifold
N, it has a natural radial extension f : C' U Ese — N. Namely, there is a radial

coordinate map along the image of S¢.:
Rf : SCC X (Oa OO) - N: Rf‘(l’,t) = epr(tVf<fL‘)),

where v¢(z) is the unit vector in TNy, orthogonal to dfy(T'Sy) that points away

from f(C'), and one can then define

_ RroR1 Eee
o) = f (p) pe
f(p) peC.

Observe that f is continuous, and differentiable everywhere but on Se.

In the situations where we will find radial extensions useful, the map f will be
very close in the C2 topology to a Riemannian immersion. In particular, the (strict)
convexity of the surface Sq. will persist in the image. This implies a convenient

regularity in the radial extension:
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Lemma 6.2.1. If f : C — N is a smooth immersion with f(Scc.) convex, there

exists some L > 0 so that for all p € Ece and v € T' M)y,

The following global statement comes from applying Lemma 6.2.1 and a com-

pactness argument on C.

Corollary 6.2.2 (Radial Extensions are Locally Bilipschitz). If f : C' — N s
a smooth immersion with f(Se¢e) convex, there exists some L > 0 so that every

p € CU E¢e has a neighborhood on which f is L-bilipschitz.

Proof of Lemma 6.2.1. Consider a component £ C E.., and let S C S.. be the
adjacent component of 9C. Here, f is the composition R fo (R)_l of radial coor-

dinate maps, so to prove the Lemma it suffices to find a constant L so that for all

(x,t) € S x (0,00) and v € T'S;; X R,

1_ (AR f) (z.4) (V)
7 <

l
< L. 6.2.1
ROl (6.2.1)

Since the ratio is one when v is contained in the R factor, from now on we will

assume v € T'Sy.

We first estimate ||dR; ) (v)|. Given z € S and v € T'Sy, let g(s) be a curve in

S with g(0) = x and ¢’(0) = v, and consider the geodesic variation

74 (t) 1= Rlg(s), ) = expy((t1(9(5)))

The corresponding Jacobi field Jy (1) = %R(g(s),tﬂs:o along the geodesic 7o (t)
then satisfies Jy () = dR(, 4)(v).
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The Jacobi-field Jy; (t) is determined by its initial conditions

Jxﬂ;(O) = dR(x,O) (U), and

\Y Vd
%Jx,v(t)’tzo = 21 75 Py(s) (tv(9(s)))lt=0
VvV d
= == XDy (t0(9(5))) li=o

Therefore, we have
Jyw(t) = cosh(t)Eq(t) + sinh(t) Ea(t),

where E(f) and Ej(t) are the parallel vector fields along yo with E1(0) = dR(,, g(v)

and E9(0) = vdR(a:,O)(U)
follows quickly from the fact that Ej(t) and Ea(t) are both orthogonal to ~{(t).

v. That the right-hand side satisfies the Jacobi equation

The triangle inequality, together with the fact that the vector fields F1 and Fo

have constant length, shows that

I (0)] < cosht) (1R 0y (0)] + [ Var, 1)
On the other hand we have
1o (D7 = cosh(t)|dR g gy (v)|* + Sinh(t)QHVdR(m) Wl
+ 2 cosh(t) sinh(¢) (dR(x’O)v, vdR(x,o) (v)u>

By convexity of S¢¢, the last term in the sum is positive. A little bit of algebra and

the fact that Jy o (t) = dR, 4)(v) yields

sinh() < [dR (. 4)(0)]]

< h(t 6.2.2
2 = o)+ Warg g ol = (6:2.2)
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Since f(See) is convex, a similar computation shows

sinh(t) _ 1d(Rp) () (@)l

< h(t 6.2.3
2 = B O+ Vg gorsll = 0 029

By compactness the ratio between the denominators in (6.2.2) and (6.2.3) is uni-
formly bounded from above and below. In other words, there is some positive

constance ¢ with

sinh(t) < [d(Rf) (z,0) ()] < 2c cosh(t)

2ccosh(t) — ”dR(x,t)(U)H = “sinh(f) (6.2.4)

for all (z,t) € S x (0,00) and v € T, S. If t is constrained away from zero then the
lower and upper bounds in (6.2.4) are bounded by positive numbers from below and
above respectively. When ¢ = 0 both dR, ;) and d(Rf), ;) have maximal rank, so
constant positive bounds arise from a compactness argument. This yields (6.2.1)

and concludes the proof of the Lemma. n
We are now ready to prove the main result of this section.

Theorem 1.4.3. Let I be a finitely generated group and (p;) a sequence in D(I).
Assume that (p;) converges algebraically to a representation p € D(I") and geomet-

rically to a subgroup G of PSLy C. If
e p(I') does not contain parabolic elements,

e maximal cyclic subgroups of p(I') are maximal cyclic in G,
then G = p(I").

Before going further, set My = H3/p(T'), Mg = H3?/G and M; = H?3/p;(T) for
i=1,2,..., choose a base frame w3 for hyperbolic space H3 and let w;, wy and we
be the corresponding base frames of M;, M 4 and Mg respectively. By Proposition
2.6.1, the pointed manifolds (M;,w;) converge geometrically to (Mqg,wqg). We
may assume without loss of generality that M has infinite volume. Otherwise,

it is either compact, in which case the sequence (M;) is eventually stable, or it is
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noncompact and (M;) is obtained by performing Dehn filling on Mg with larger
and larger coefficients [9, Theorem E.2.4]. In the latter case, it is not hard to see
that there must be parabolics in the algebraic limit p(T).

There is a covering map 7 : M4 — Mg induced by the inclusion p(I') C G, and
our goal is to show that this is a homeomorphism. Recall that Proposition 2.4.2

provides an exhaustion of M 4 by compact cores C' C M 4 such that

(1) if a component S of OC' faces a convex cocompact end of M 4 then S is smooth

and strictly convex,

(2) if a component S of OC faces a degenerate end of My then the restriction

m|g : S — 7w(S) is a finite covering onto an embedded surface in M.

Fixing a compact core Cy C M4, we may also assume that all C' are large enough

to contain C(y and satisfy the following property:
(3) m(Cp)Nm(S) =0 for any component S C IC facing a degenerate end of My.

Then to prove that 7 is a homeomorphism, it clearly suffices to show that 7| is
injective for all such compact cores C' C M y.

Fix a compact core C' C M4 as described above. The geometric convergence
(M;,w;) — (M¢g,wq) supplies for sufficiently large ¢ an almost isometric embedding

¢; : m(C) — M;, so for large i, we have a map
fi:C— M, fi=¢jom

that behaves much like the restriction of a nearly Riemannian covering map. In
fact, f; is my-surjective. For if S C I is a finite generating set then C' contains loops
based at wy4 representing the elements of p(S); f; then maps these loops to loops
in M; representing p;(.S), which generate m(M;) = p;(I"). We aim to show that f;
is actually an embedding, as the same will then be true for 7|q.

We first consider the case where My is convex-cocompact, as the proof is par-

ticularly simple. In this case, every component of dC' is strictly convex and faces
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a convex-cocompact end of My, so f; radially extends (as in the beginning of the

section) to a globally defined map

fi i My — M;.

We claim that this is a covering map for ¢ >> 0. To see this, note that when ¢
is large f; is C2-close to a local isometry, so the strict convexity of C persists
after applying f;. Therefore Corollary 6.2.2 applies to show that f; is (uniformly)
locally bilipschitz. It is well-known that any locally isometric map between complete
Riemannian manifolds is a covering map, and in fact the same proof applies to
locally bilipschitz maps. So, f; : My — M; is a covering map. However, f; is
m1-surjective, so its extension f; is a mj-surjective covering map, and therefore a
homeomorphism. This shows that f; is injective, and in particular |~ is as well.
In the general case, the argument needs modification because one cannot radially
extend f; into the degenerate ends of M 4. To deal with this, we will alter the

problematic parts of M4 so that an extension of f; is obvious.

Claim. If S C 9C faces a degenerate end of My, then the restriction of f; to .S is

an embedding with image a separating surface in M;.

Proof. Our choice of C ensures that 7|g , s a finite covering onto its image. The
assumption that maximally cyclic subgroups of p(I") are maximally cyclic in G then
implies that 7|g , is an embedding, for otherwise there would be a loop in 7(Sq)
that does not lift to M4, but that has a power which does.

Next, property (3) above implies that every component S C f;(Sy;) is disjoint
from f;(Cpy). However, the argument given to show that f;|C is mj-surjective also
applies to f;|Cy, so every loop in M; is homotopic into f;(Cp) and therefore has

trivial algebraic intersection with S. Therefore S is separating. n

For each such S, let PZ-S be the closure of the component of M;\ f;(S) containing
1i(Cp). Then if E,. is the union of the components of M 4\C' that are neighborhoods

of convex cocompact ends, one can construct a new 3-manifold
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M) = (CU B Uy, (U PY)
S

by gluing each PiS to CUFE.c along S. The map f; extends naturally to a continuous
map f; : M ;1 — M;; the extension into F. is radial and on PZ-S we use the natural
inclusion into M;. It is easy to see that f; is a mj-surjective covering map, so the

proof ends the same way it did in the previous case.

We would like to observe that we did not really use that every maximal cyclic
group in p(I') is maximal cyclic in G. We namely proved the following less aesthet-

ically pleasant but more general theorem:

Theorem 6.2.3. Let I' be a finitely generated group and (p;) a sequence in D(T).

Assume that (p;) converges algebraically to a representation p and geometrically to

a subgroup G of PSLy C. If
e p(I') does not contain parabolic elements, and

e cvery degenerate end of H3/p(F) has a neighborhood which embeds under the
covering H3/p(T') — H3/G,

then G = p(T").

Before concluding this section, observe that Theorem 1.4.3 together with Theo-

rem 1.4.2 imply the Anderson-Canary Theorem 1.4.1 mentioned in the introduction.

6.3 Attaching roots

In this section we prove:

Proposition 6.3.1. Let M and N be hyperbolic 3-manifolds with infinite volume
and let 7 : M — N be a covering. Assume that N has no cusps, that wi(M) is
finitely generated and that M has a degenerate end which does not embed under
the covering 7. Then there is a hyperbolic 3-manifold M' with finitely generated
fundamental group, with x(M') > x(M) and coverings 7" : M — M’ and 7" :

M — N witht=71"07".
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Continuing with the notation above, by Proposition 2.4.2 the manifold M has a
standard compact core C' with the property that if a component S of OC faces a
degenerate end of M then the restriction of 7 to .S is a covering onto an embedded
surface in N. The assumption that M has a degenerate end which does not embed

under the covering 7 implies that there is actually a component Sy of OC' such that
7'|50 : So — 7(50)

is a non-trivial covering. Observe that by the covering theorem the embedded

surface 7(Sy) C N faces a degenerate end of N.

Choosing a base point * € Sj, we set
['=m(M,*) and H = m(7(Sp), 7(x)).
The desired manifold M’ will be the cover of N corresponding to the subgroup
I'" = (r(T), H) C (N, 7(x)).

By construction, m1(M’) = T" is finitely generated and there are covering maps
M — M and 7" : M" — N with 7 = 7" o 7/, so it remains only to prove that
X(M') > x(M).

For our purposes, the most useful way to interpret the Euler characteristic will
be through its relation to the dimension of the deformation spaces CH(M) and
CH(M') of convex-cocompact hyperbolic structures on M and M’ (see Section
2.5). Observe that since M and M’ have finitely generated fundamental group
and no cusps, they are homeomorphic by the tameness theorem to the interiors of
compact hyperbolizable 3-manifolds M and M’ whose boundary components have
negative Euler characteristic. It follows from Section 2.5 that CH (M) and CH(M')
are complex manifolds of C-dimensions —3x(M) and —3x(M), respectively, and

that there is a holomorphic map

(7). CH(M') — CH(M)
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defined by lifting hyperbolic structures using 7/ : M — M’. We will prove:
Claim. (7/)* has discrete fibers and is not open.

Since any holomorphic map with discrete fibers is open unless the dimension of
the domain is smaller than the dimension of the image, we deduce from the claim
that

—3x (M) = dim¢ CH(M') < dimg CH(M) = —3x(M).

Therefore, x(M’) > x(M) and hence Proposition 6.3.1 will follow once we prove

the claim.

The first part of the claim is almost immediate. If 7, : I' — I" is the inclusion

induced by the covering 7/ : M — M’ and H < I' is as above, then by construction

e I is generated by 7,(I') and H

e 7/(I') N H has finite index in H.

It follows from Corollary 2.8.2 that a representation I' — PSLy C has only finitely
many extensions to I'V. Therefore, hyperbolic structures on M’ that map under
(7')* to the same element of CH (M) have only finitely many options for holonomy
representations, up to conjugacy. However, the elements of CH(M') with holonomy
in any fixed conjugacy class form a discrete subset of CH(M') (see page 154, [43]),

so (7/)* must have discrete fibers.

To show that it is not open, we use the Ahlfors-Bers parameterization to produce

*

from (7/)* a holomorphic map

1\
B:T(OM) = CH(M’)(T—)>CH(M) =~ T(OM).
The Teichmuller spaces of 9M’ and OM split as products of the Teichmuller spaces
of their connected components; let S C M be the component adjacent to the

degenerate end that the surface Sy faces. The covering theorem implies that 7/
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extends to a nontrivial cover 7 : S — S’ onto some connected component S’ C OM’.

With respect to the decompositions
TOM)=T(S)x T(OM\ S), T(OM"=1T(5")xT(OM \ S

the map 3 can be written as

~

B(o1,09) = (7701, B(01,02))

where 7% : T(S') — T(S) is the map induced by the covering 7 : S — S’. This
covering is non-trivial, so the image of 7* has positive codimension and hence the

same holds for the image of 3. Therefore 3 is not open, implying the same for (7/)*.

Remark. A purely homological computation yields that under the same assumptions
as in Proposition 6.3.1 we have by (M") < by (M) where by (+) is the first Betti number
with R-coefficients. However, this homological argument does not seem to work in
the relative case that we will discuss in section 6.5. This is why we choose to work

with Euler characteristics and deformation spaces instead.

6.4 Proof of Theorem 1.4.4
Recall the statement of Theorem 1.4.4:

Theorem 1.4.4. Let I' be a finitely generated group and (p;) a sequence in D(I").
Assume that (p;) is algebraically convergent and converges geometrically to a sub-
group GG of PSLo C. If G does not contain parabolic elements, then G is finitely

generated.

If the hyperbolic 3-manifold H? /G is compact then G is obviously finitely gen-
erated. Assume from now on that this is not the case; since G does not contain

parabolic elements, this assumption impies that H> /G has infinite volume.
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Among all finitely generated subgroups of G which contain p(I"), choose H such
that the associated hyperbolic 3-manifold H?3 /H has maximal Euler characteristic
x(H3/H). Since H C G we have a covering H?/H — H?3/G. Using the maximality
assumption, we obtain from Proposition 6.3.1 that every degenerate end of H3 /H

embeds under this cover.

On the other hand, the assumption that H contains p(I') implies, by Proposi-
tion 2.7.2, that there is a sequence of representations o; : H — PSLy C converging
algebraically to the inclusion of H in G such that the groups o;(H) converge geo-
metrically to G. Theorem 6.2.3 implies now that H = G. In particular, G is finitely
generated. This concludes the proof of Theorem 1.4.4.

6.5 Parabolics

It is a well established fact that most theorems in the deformation theory of Kleinian
groups that hold in the absence of parabolics hold also, in some probably weaker
form, in the presence of parabolics. It is also well known that proofs in the case
with parabolics are much more cumbersome and technical but follow the same
arguments as the proofs in the purely hyperbolic case. For the sake of clarity and
transparency of exposition, we decided to prove Theorem 1.4.4 only in the absence
of parabolics. We state now the general results and discuss what changes have to

be made in the arguments given above.

Throughout this section we assume that the reader is familiar with basic geomet-

ric facts about hyperbolic manifolds with cusps, [43].

As mentioned in the introduction, Evans [30] obtained the following extension of

Theorem 1.4.1.

Theorem 6.5.1 (Evans[30]). Assume I' is a finitely generated group and that (p;)
is a sequence of faithful representations in D(T') converging algebraically to some
representation p. If the convergence p; — p is weakly type preserving, then p;

converges geometrically to p(T).
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Recall that an algebraically convergent sequence p; — p is weakly type preserving

if for every v € I" with p() parabolic, there is i~ with p;(y) parabolic for all i > i,.

Theorem 1.4.3 can be extended to the weakly type preserving setting as follows:

Theorem 6.5.2. Let I' be a finitely generated group, and (p;) a sequence in D(I)
converging algebraically to a representation p and geometrically to a subgroup G of

PSL, C. If

e the convergence p; — p is weakly type preserving, and

e mazimal cyclic subgroups of p(I') are mazimally cyclic in G,
then G = p(I").

To begin with, set M; = H3/p;(T"), My = H3/p(I"), Mg = H3/G and let 7 :
My — Mg be the covering induced by the inclusion p(I') C G. We first recall the
basic idea of the proof in the case without cusps. Since maximal cyclic subgroups
of p(T') are maximally cyclic in G, there are arbitrarily large standard compact
cores C' of M 4 such that the components of C' facing convex cocompact ends of
M 4 are strictly convex and the components facing degenerate ends embed under
the covering m : My — Mg. Composing the restriction 7| with the almost
isometric embeddings 7(C') — M; supplied by geometric convergence, we obtain

maps f; : C'— M; such that

1. if a component S of JC' faces a degenerate end of M4 then f;|g is an embed-
ding for all large 7,

2. if S C OC faces a convex cocompact end then f;|g is a convex immersion.

We then construct for large i a 3-manifold N; containing C and a covering f; : N; —
M; with f;|c = f;. This covering is my-surjective and hence a diffeomorphism, so in
particular C' embeds under the covering 7 : M 4 — M¢. Since C' can be chosen to

be arbitrarily large, this proves that the covering = is trivial and hence G = p(T").
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If there are parabolics in the algebraic limit, the ends of M 4 are more complicated
and refinements of the tools above are needed. The natural replacement of the

compact core C'is a submanifold C' C M4 with the following properties:

1. if a component S of JC faces a degenerate NP-end of M, then S embeds
under the covering My — Mg,

2. if S faces a geometrically finite NP-end then S is strictly convex,

cusp<p
M A

3. the complement in C of the p-cuspidal part of M4 is a standard

compact core, where p is the Margulis constant.

The construction of such a submanifold is the same as that used to produce the
compact cores above: one takes a large metric neighborhood of the convex core
CC(My) and deletes standard neighborhoods of the degenerate NP-ends of My.
In this case, however, the resulting manifold C' will contain parts of the cusps of
M4, and will therefore be noncompact. This is a problem, since 7(C) C Mg
will also be noncompact and the almost isometric embeddings from Mg to M;
provided by geometric convergence are only defined on compact sets. However, we
still can use the almost isometric embeddings to produce locally bilipschitz maps
fi: C\ MzuSpqL — M;, and we will show that if the convergence p; — p is weakly

type preserving then these can be extended to locally bilipschitz maps

~

fi: C— M;

converging uniformly on compact sets to the restriction 7|c. The proof of Theorem
6.5.2 is then word-by-word the same as the proof Theorem 1.4.3 with the maps fz
playing the role of f;.

It remains to construct fz Consider the maps
fir O\ MG — M

described above, and let ¢ be a small positive constant. If ¢ is large then f; is

locally (1 + €)-bilipschitz; combined with the fact that the convergence p; — p is
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weakly type preserving, this implies that f; sends loops homotopic into the cusps
of M 4 to parabolic loops in M; with nearly the same length. It follows that C'N
8MEUSP<M is mapped under f; into a small neighborhood of 8MZ-C USPSK - After a

small perturbation, we can then arrange that
L f(CNOMGPHY C oMy wPH,

2. Df; sends vectors orthogonal to 8Mzu8p<“ to vectors orthogonal to OM ZC USp<ft

Brock and Bromberg [21, Lemma 6.16] show how to accomplish such a perturbation
with a bit of finesse; in particular, their argument shows that we can still assume
that f; is locally bilipschitz.

Recall that C' was constructed by removing standard neighborhoods of the de-
generate NP-ends of M4 from its convex core. These neighborhoods can be chosen
so that their intersections with Mzu8p<“ are foliated by geodesic rays orthogonal
to 6MIZUSP</”L ; the intersection C'N MEHSIK” then enjoys the same property. Com-
bining this with (1) and (2) above allows us to extend f; to a locally bilipschitz
map fl : €' — M; as follows: define fz to coincide with f; on C' \MzuSIK“ and map
geodesic rays in C'N Miu8p<“ orthogonal to 8MzusP<” isometrically to geodesic
rays orthogonal to OM ZC USPSH A quick computation in the upper half space model
for H? verifies that the extension f; is also locally (14 ¢)-bilipschitz. It follows that

fi — 7| uniformly on compact subsets.

Observe that as in the case without parabolics, we can replace the second hypoth-
esis of Theorem 6.5.2 with the condition that every degenerate end of M4 embeds
in Mq.

A version of Proposition 6.3.1 to the setting with cusps is also readily established:

Proposition 6.5.3. Let M and N be hyperbolic 3-manifolds with infinite volume
and let 7 : M — N be a covering. Assume that m (M) is finitely generated and that
M has a degenerate end which does not embed under the covering 7. Then there is

a hyperbolic 3-manifold M’ with finitely generated fundamental group, with

3x (M"Y + #{cusps in M'} > 3x(M) + #{cusps in M}
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and coverings ' - M — M and 7" : M — N with 7 = 7" o 7'.

The proof is the same as that of Proposition 6.3.1, except that instead of consid-
ering the deformation space CH(M) of convex-cocompact hyperbolic structures on
M one uses geometrically finite metrics whose parabolic loci coincide with that of
the original hyperbolic structure on M. The space of such metrics, up to isometries

isotopic to the identity map, is a complex manifold of C-dimension
—3x(M) — #{cusps in M} > 0.

After these remark the proof of Proposition 6.5.3 is the same as the proof of Propo-
sition 6.3.1.

Having provided versions of Theorem 1.4.3 and Proposition 6.3.1 that apply to
representations with parabolics, we are almost ready to discuss the general form of

Theorem 1.4.4. Before doing so, we need a definition:

Definition. Assume that a sequence of subgroups (G;) of PSLy C converges geo-
metrically to a subgroup G. We say that the convergence G; — G is geometrically
weakly type preserving if for every g € G parabolic there is a sequence (g;) with

g; € G; converging to g and with g; parabolic for all but finitely many .

In the terminology of [16], a geometrically convergent sequence of subgroups con-
verges in a geometrically weakly type preserving manner if and only if the associated
sequence of pointed manifolds has uniform length decay.

The general version of Theorem 1.4.4 reads now:

Theorem 6.5.4. Let I" be a finitely generated group and (p;) a sequence in D(T)
that converges algebraically to a representation p and geometrically to a subgroup
G of PSLo C. If the convergence p; — G is geometrically weakly type-preserving,
then G is finitely generated.

As in the proof of Theorem 1.4.4 we choose a finitely generated subgroup H C GG
containing p(I') and maximizing the quantity 3x(H?/H) 4 2#{cusps in H3/H}.
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We claim that G = H. As before, there is a sequence of representations o; : H —
PSLs C converging algebraically to the inclusion of H in G and with o;(H) =
pi(T;) for all 4. In particular, G is the geometric limit of the groups o;(H). The
assumption that the convergence o;(H) = p;(I') — G is geometrically weakly type-
preserving implies that the algebraic convergence of o; to the inclusion of H into
G is (algebraically) weakly type preserving. In particular we deduce from Theorem
6.5.2 that either G = H or a degenerate end of H3/H does not embed under the
cover H3 /H — H3 /G. The second possibility is ruled out by the choice of H and
Proposition 6.5.3, so G = H and therefore is finitely generated. This concludes the
proof of Theorem 6.5.4.

6.6 Pre-compactness and eventually faithful sequences

As mentioned in the introduction, we discuss here to which extent some other results
concerning faithful representations remain true if the condition of faithfulness is

relaxed.

Definition. A sequence (p;); of representations is eventually faithful if for all v € T'
there is some i, such that v ¢ Ker(p;) for all i > i,.

In some sense, every algebraically convergent sequence is eventally faithful. The
following Lemma formalizes this; its proof is a simple application of the Margulis

Lemma.

Lemma 6.6.1. Let I' be a finitely generated group and (p;) a sequence in D(T)
converging algebraically to a representation p. Consider the quotient group [ =
I'/Ker(p) and letm : T — [ be the associated projection. Then there is an eventually
faithful sequence of representations o : r— PSLsy C converging algebraically to a

representation o such that p;j = oc;om and p=ocom.

We assume from now on that (p;) is an eventually faithful sequence of represen-

tations in D(I"). If S C T' is a finite generating set, then each representation p;
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determines a convex function

dp; HE = R, dyy () =Y dys (@, pi(7)2).
vES

Conjugating our representations by PSLo C if necessary, we may assume that some
base point 0 € H3 is the unique minimum of each dy,. In this case we say that the
sequence (p;) consists of normalized representations and we set dp, = dp,(0). It is
well-known that the sequence (p;) contains an algebraically convergent subsequence
if

lim inf d/)z‘ < 0.

Otherwise, the sequence of actions of I' via p; on the scaled hyperbolic spaces
deng contains a subsequence which converges in the equivariant Gromov-Hausdorff
topology to a non-trivial action I' ~ T" on some real tree T'. Recall that an action
on a tree is called trivial if it has global fixed points. Morgan-Shalen [47], Paulin
[53] and Bestvina [10] proved that if the representations p; are faithful the action
I' ~ T is small, meaning that the stabilizers of non-degenerate segments in 1" are
virtually abelian. Their arguments still apply if the sequence is only eventually

faithful, see [49]:

Theorem 6.6.2. Every eventually faithful sequence of normalized representations
in D(T") has a subsequence that either converges algebraically in D(T') or converges

in the Gromov Hausdorff topology to a nontrivial small action I' ~T on a R-tree
T.

It is theorem of Morgan-Shalen [47] that if the fundamental group of a compact,
irreducible and atoroidal 3-manifold M admits a nontrivial small action on a real
tree, then either O M is compressible or there are essential properly embedded annuli
in (M,0M). Combining this fact with Theorem 6.6.2 we obtain the following result,

essentially due to Thurston:

Corollary 6.6.3. Assume that I is the fundamental group of a compact 3-manifold
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with incompressible and acylindrical boundary. Then every eventually faithful se-

quence of normalized representations in D(I") contains a convergent subsequence.

Many other results, for instance Thurston’s double limit theorem [51] or the
results in [40], ensuring the existence of convergent subsequences of sequences of
faithful representations can be reduced to the non-existence of certain actions of
groups on trees; all these results still hold with obvious variations in the statements
for eventually faithful sequences. It may be therefore surprising that some conver-
gence results for sequences of faithful representations completely fail in our more

general setting.

In [59], Thurston proved a generalization of Corollary 6.6.3 to the case that I is
the fundamental group of a compact 3-manifold M with incompressible boundary.
More precisely, the so-called only-windows-break theorem asserts that whenever (p;)
is a sequence of faithful representations of I' = 71 (M) and N C M is a component of
the complement of the characteristic manifold, then the sequence (p¢|7r1( N)) has, up
to conjugacy, a convergent subsequence. Leaving the interested reader to consult
[34] for information about the characteristic manifold, we limit ourselves to the

following concrete example.

Let H be a handlebody of genus 2 and v C dH a simple closed curve on the
boundary of H such that OH \ v is incompressible and acylindrical; for instance, -y
can be taken in the Masur domain of H [40]. We consider the manifold N obtained
by doubling H along N(v), where ANV (v) is a regular neighborhood of v in 0H.
The manifold N has incompressible boundary and there is, up to isotopy, a single
properly embedded essential annulus A C N, the annulus along which we have
glued. The annulus A cuts N open into two copies Hy and Hy of H. In this

particular example, Thurston’s only-windows-break theorem asserts:

Theorem 6.6.4 (Thurston). Let N be as above and (p;) a sequence of discrete and
faithful representations of w1 (N) into PSLo C. Then the sequence of restrictions

Pilry(my) t T1(H1) — PSLp C
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has a subsequence that converges up to conjugacy in PSLs C.

We claim that there is an eventually faithful sequence of discrete representations
of m1(N) for which the claim of Theorem 6.6.4 fails.
By construction, the manifold N is the double of H along N (7). Let

7T:N— H

be that map given by "folding” along N (7). Identifying H with Hq, one of the two

pieces of N, we choose a base point p € H and hence we have a homomorphism
i 1 (N, p) — w1 (H, p)
We consider also the Dehn-twist
0:N— N
along the annulus A. It is easy to see that the sequence
i 00y 1 (N, p) — m1(H, p)

is eventually faithful, meaning that every element is contained in the kernel of 7,007

for finitely many n. By construction, 7 o 6} is the identity on 71 (H, p) for all n.

Remark. Essentially we are saying that 71 (V) is fully residually free. This fact
holds for every group obtained by doubling a free group along a cyclic subgroup.

Since H is a handlebody, 71 (H,p) is a free group. Hence, we can choose some
sequence of faithful representations (oy,) € D(m1(H)) which cannot be conjugated
to obtain convergent subsequences. Setting p, = o, 07«00} we obtain an eventually
faithful representation which does not contain any subsequence whose restriction

to m (H) converges up to conjugacy.

Theorem 6.6.5. The only-windows-break theorem fails for eventually faithful se-

quences of representations.
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An alternative statement of Theorem 6.6.5 could be that when one is not abso-

lutely faithful more than the windows can get broken.
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